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Abstract 

We study the generalized boundary value problem for nonnegative solu- 
tions of of — Au + g{u) = in a bounded Lipschitz domain fi, when g is 
continuous and nondecreasing. Using the harmonic measure of f2, we define 
a trace in the class of outer regular Borel measures. We amphasize the case 
where g(u) — \u\ q ^ 1 u, q > 1. When Q is (locally) a cone with vertex y, we 
prove sharp results of removability and characterization of singular behav- 
ior. In the general case, assuming that f2 possesses a tangent cone at every 
boundary point and q is subcritical, we prove an existence and uniqueness 
result for positive solutions with arbitrary boundary trace. We obtain sharp 
results involving Besov spaces with negative index on k-dimensional edges 
and apply our results to the characterization of removable sets and good 
measures on the boundary of a polyhedron. 
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1 Introduction 

In this article we study boundary value problems with measure data on the 
boundary, for equations of the form 

- Au + g(u) = in ft (1.1) 

where ft is a bounded Lipschitz domain in ~ML N and g is a continuous nonde- 
creasing function vanishing at 0. A function u is a solution of the equation 
if u and g(u) belong to Ll oc (£l) and the equation holds in the distribution 
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sense. The definition of a solution satisfying a prescribed boundary condi- 
tion is more complex and will be described later on. 

Boundary value problems for (jl.ip with measure boundary data in smooth 
domains (or, more precisely, in C 2 domains) have been studied intensively 
in the last 20 years. Much of this work concentrated on the case of power 
nonlinearities, namely, g(u) = \u\ q ~ 1 u with q > 1. For details we address 
the reader to the following papers and the references therein: Le Gall [1- 
2], Dynkin and Kuznetsov [1-3], Mselati [1] (employing in an essential way 
probabilistic tools) and Marcus and Veron [1-4] (employing purely analytic 
methods) . 

The study of the corresponding linear boundary value problem in Lip- 
schitz domains is classical. This study shows that, with a proper inter- 
pretation, the basic results known for smooth domains remain valid in the 
Lipschitz case. Of course there are important differences too: in the Poisson 
integral formula the Poisson kernel must be replaced by the Martin kernel 
and, when the boundary data is given by a function in L , the standard sur- 
face measure must be replaced by the harmonic measure. The Hopf principle 
does not hold anymore, but it is partially replaced by the Carleson lemma 
and the boundary Harnack principle due to Dahlberg [7j. A summary of the 
basic results for the linear case, to the extent needed in the present work, is 
presented in Section 2. 

One might expect that in the nonlinear case the results valid for smooth 
domains extend to Lipschitz domains in a similar way. This is indeed the 
case as long as the boundary data is in L . However, in problems with 
measure boundary data, we encounter essentially new phenomena. 

Following is an overview of our main results on boundary value problems 



A. General nonlinearity and finite measure data. 

We start with the weak L 1 formulation of the boundary value problem 



where p G SDt(dfi). 

Let xq be a point in Q, to be kept fixed, and let p = p n denote the first 
eigenfunction of —A in Q normalized by p(xq) = 1. It turns out that the 
family of test functions appropriate for the boundary value problem is 



for (fTll . 



Au + g{u) = in f2, u = p on d£l , 



(1.2) 



x(n) = { 



77 G Wq' 2 (Q) : p^Ar] G L°°(f})} 



(1.3) 
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If 77 e then sup \rj\/p < oo. 

Let denote the harmonic function in 0, with boundary trace fi. Then 
u is an L^-weak solution of (jl.2p if 



(1.4) 



and 



/ (-uAr) + g(u)7]) dx = - (K\ji]Arj) dx V?? G A"(fi). (1.5) 




Note that in (jl.5p the boundary data appears only in an implicit form. 
In the next result we present a more explicit link between the solution and 
its boundary trace. 

A sequence of domains {£l n } is called a Lipschitz exhaustion of f2 if, for 
every n, VL n is Lipschitz and 



n n cn n cn n+1 , n = un n , u N „i(dn n ) -^w^ion). (1.6) 



Proposition 1.1 Le£ {f] n } 6e an exhaustion ofil, letxQ G $7i and denote by 
oj n ( respectively oj ) the harmonic measure on d£l n ( respectively d£l ) relative 
to xq. If u is an L^-weak solution of (|1.2|) then, for every Z G C(£l), 



We note that any solution of (jl.ip is in W lo f(Q) for some p > 1 and 
consequently possesses an integrable trace on <9$7 n . 

In general problem (jl.2p does not possess a solution for every fi. We 
denote by Wl g (dil) the set of measures G Wl(d£l) for which such a solution 
exists. The following statements are established in the same way as in the 
case of smooth domains: 

(i) If a solution exists it is unique. Furthermore the solution depends mono- 
tonically on the boundary data. 

(ii) If u is an L 1 -weak solution of (11.21) then \u\ (resp. ti+) is a subsolution 
of this problem with fi replaced by (resp. /i + ). 

A measure [i G Wl(dQ) is g-admissible if g(K[|^|]) G L l p {Q). When 
there is no risk of confusion we shall simply write 'admissible' instead of 
'g-admissible'. The following provides a sufficient condition for existence. 

Theorem 1.2 // ji is g-admissible then problem (jl.2p possesses a unique 
solution. 




(1.7) 
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B. The boundary trace of positive solutions of (jl.ip ; general nonlinearity. 
We say that u G L\ (Q) is a regular solution of the equation (jl.ip if g(u) G 

Lj(n). 

Proposition 1.3 Lei u be a positive solution of the equation (jl.ip . If u is 

regular then u G ^i(^) «^c? it possesses a boundary trace \x G 071(517). TTras 
it is the solution of the boundary value problem (jl.2p w;zf/j this measure //. 

As in the case of smooth domains, a positive solution possesses a bound- 
ary trace even if the solution is not regular. The boundary trace may be de- 
fined in several ways; in every case it is expressed by an unbounded measure. 
A definition of trace is 'good' if the trace uniquely determines the solution. 
A discussion of the various definitions of boundary trace, for boundary value 
problems in C 2 domains, with power nonlinearities, can be found in [27], [8] 
and the references therein. In [22] the authors introduced a definition of 
trace - later referred to as the 'rough trace' by Dynkin [8] - which proved 
to be 'good' in the subcritical case, but not in the supercritical case (see 
|23j). Mselati [28J obtained a 'good' definition of trace for the problem with 
g(u) = u 2 and N > 4, in which case this non-linearity is supercritical. His 
approach employed probabilistic methods developed by Le Gall in a series 
of papers. For a presentation of these methods we refer the reader to his 
book [21J. Following this work the authors introduced in [27] a notion of 
trace, called 'the precise trace', defined in the framework of the fine topology 
associated with the capacity C 2 / q ^ q i on 80,. This definition of trace turned 
out to be 'good' for all power nonlinearities g(u) = u q , q > 1, at least in 
the class of cr-moderate solutions. In the subcritical case, the precise trace 
reduces to the rough trace. At the same time Dynkin [9] extended Mselati's 
result to the case (N + l)/(N - 1) < q < 2. 

In the present paper we confine ourselves to boundary value problems 
with rough trace data. (See the definition below.) However we develop 
a framework for the study of existence and uniqueness (see Theorem 11.101 
below) which can be applied to a large class of nonlinearities and can be 
adapted to other notions of trace as well. In particular, it can be adapted 
to the 'precise trace' for power nonlinearities (in smooth domains) and to a 
related notion of trace for Lipschitz domains. This issue will be addressed 
in a subsequent paper. 

Here are the main results in this part of the paper, including the relevant 
definitions. 
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Definition 1.4 Let u be a positive supersolution, respectively subsolution, 
°f (|l-ip ■ A point y £ d£l is a regular boundary point relative to u if there 
exists an open neighborhood D of y such that g o u G Lp(Q n D). If no such 
neighborhood exists we say that y is a singular boundary point relative to u. 

The set of regular boundary points of u is denoted by TZ(u); its com- 
plement on the boundary is denoted by S(u). Evidently lZ{u) is relatively 
open. 

Theorem 1.5 Let u be a positive solution of (jl.ip in fL Then u possesses 
a trace on lZ{u), given by a Radon measure v . 
Furthermore, for every compact set F C TZ(u), 

/ (-uArj + g{u)rj) dx = - / (K[ux F ] Ar?) dx (1.8) 
Jn Jn 

for every rj £ X(fl) such that suppr/ n dfl C F and v\f 6 %Ji g (dfL). 

Definition 1.6 Let g £ Q. Let u be a positive solution of (jl.ip with regular 
boundary set TZ(u) and singular boundary set S(u). The Radon measure v 
in lZ(u) associated with u as in Theorem 1 1 . 51 is called the regular part of the 
trace of u. The couple (u,S(u)) is called the boundary trace of u on d£l. 
This trace is also represented by the (possibly unbounded) Borel measure v 
given by 

loo, otherwise. 

The boundary trace of u in the sense of this definition will be denoted by 
tr sn u. 
Let 

V u := sup{-u„ XF : F C TZ(u), F compact} (1-10) 

where u VXF denotes the solution of (jl.2p with [i = vxf- Then V v is called 
the semi-regular component of u. 

Definition 1.7 A compact set F C d£l is removable relative to (jl.ip if the 

only non-negative solution u £ C(£t\ F) which vanishes on Cl\ F is the 
trivial solution u = 0. 

Lemma 1.8 Let g £ Q and assume that g satisfies the Keller- Osserman 
condition. Let F C <9il be a compact set and denote by lip the class of 
solutions u of (jl.ip which satisfy the condition, 

u£C(n\F), u = ondn\F. (1.11) 
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Then there exists a function Uf £Uf such that 

u < Uf Vm G Uf- 

Furthermore, S{Uf) ='■ F' C F; F' need not be equal to F. 

Definition 1.9 Up is called the maximal solution associated with F. The 
set F' = S(Uf) is called the g-kernel of F and denoted by k g (F). 

Theorem 1.10 Let g £ Q and assume that g is convex and satisfies the 
Keller- Osserman condition. 

Existence. The following set of conditions is necessary and sufficient for 
existence of a solution u of the generalized boundary value problem 

-Au + g(u) = in O, tr gn u = (v, F), (1.12) 

where F C d£l is a compact set and v is a Radon measure on d£l \ F. 

(i) For every compact set E C dVt \ F , u\e & 9JT 9 ((?f2). 

(ii) If k g (F) = F' , then F \ F' C S{V U ). 

When this holds, 

V v < u < V v + U F . (1.13) 
Furthermore if F is a removable set then (|1.2j) possesses exactly one solution. 
Uniqueness. Given a compact set F C dVt, assume that 

Up is the unique solution with trace (0,k g (E)) (1-14) 

for every compact E C F. Under this assumption: 

(a) If u is a solution of (|1.12p then 

max(V u , U F ) <u<V u + Up. (1.15) 

(b) Equation (jl.ip possesses at most one solution satisfying (|1.15[) . 

(c) Condition (|1.14p is necessary and sufficient in order that (|1.12p possess 
at most one solution. 

MONOTONICITY. 

(d) Letu\,U2 be two positive solutions of (|l.lj) with boundary traces {v\,F{) 
and (^2,-^2) respectively. Suppose that F\ C F2 and that v\ < ^2Xf 1 ='■ ^'2- 
If {DID holds for F = F 2 then Ux < u 2 . 
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In the remaining part of this paper we consider equation (jl.ip with power 
nonlinear ity: 

- Au + |u| 9_1 tt = (1.16) 

with q > 1. 

C. Classification of positive solutions in a conical domain possessing an 
isolated singularity at the vertex. 

Let C s be a cone with vertex and opening S C S 1 ^^ 1 , where S is a 
Lipschitz domain. Put Q = CsDBi(0). Denote by A s the first eigenvalue and 
by <fi s the first eigenfunction of —A' in Wq' 2 (S) normalized by max</> s = 1. 
Put 

a s = \(N - 2 + y/(N - 2)2 + 4A 5 

and 

$1 = -x~ a s0 ( x / | x |) 

7 

where 7 S is a positive number. $1 is a harmonic function in vanishing 
on dCs \ {0} and 7 is chosen so that the boundary trace of $1 is 5q (=Dirac 
measure on dCs with mass 1 at the origin). Further denote Q$ = Csr\Bi(0). 

It was shown in [11] that, if q > 1 + ^- there is no solution of (|1.16p in 
fi with isolated singularity at 0. We obtain the following result. 

Theorem 1.11 Assume that 1 < q < 1 + — . Then Sn is admissible for 
$7 and consequently, for every real k, there exists a unique solution of this 
equation in f2 with boundary trace USq. This solution, denoted by ut satisfies 

u k {x) = fc*i(a;)(l + o(l)) asx^O. (1.17) 

TTie function 

= lim Ufc 

is i/ie unique positive solution of (|5.ip in f2g which vanishes on dO, \ {0} 
anc? is strongly singular at 0, i.e., 

I u^pdx = 00 (1-18) 
Jn 

where p is the first eigenfunction of —A in £1 normalized by p{xq) = 1 for 
some (fixed) xq £ Vt. Its asymptotic behavior at is given by, 

Uoo{x) = \x\~^us(x/\x\)(l + o(l)) as x -> (1.19) 



S 



where u> is the (unique) positive solution of 



A'uj-X n u + \u\ q ~ 1 uj = (1.20) 



on S 1 ^^ 1 with 

As a consequence one can state the following classification result. 
Theorem 1.12 Assume that l<q<q s = l + 2/a s and denote 

a s = ^(2-N + v / (N-2) 2 +A\ s ). 

If u £ C(Clg \ {0}) is a positive solution of A1.16\) vanishing on {dC s n 
jB ro (0)) \ {0} ; the following alternative holds: 
Either 

limsup u(x) < oo, 

x->0 

or 

there exists k > such that fli.i?| ) holds, 

or 

n~m) holds. 

In the first case u £ C(Q; in the second, u possesses a weak singularity 
at the vertex while in the last case u has a strong singularity there. 

D. Criticality in Lipschitz domains. 

Let f2 be a Lipschitz domain and let £ £ 90. We say that q^ is the 
critical value for (|1.16|) af £ if, for 1 < q < q^, the equation possesses a 
solution with boundary trace 5^ while, for q > q^ no such solution exists. 
We say that qf is the secondary critical value at £ if for 1 < q < q^ there 
exists a non-trivial solution of (|1.16p which vanishes on dQ \ {£} but for 
q > gjj no such solution exists. 

In the case of smooth domains, q^ = <j| and q^ = (N + l)/(A r — 1) for 
every boundary point £. Furthermore, if g = there is no solution with 
isolated singularity at £, i.e., an isolated singularity at £ is removable. 

In Lipschitz domains the critical value depends on the point. Clearly 
<?£ < qt, but the question whether, in general, q^ = q^ remains open. However 

we prove that, if is a polyhedron, q^ = q^ at every point and the function 
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£ ~~ > IS, obtains only a finite number of values. In fact it is constant on each 
open face and each open edge, of any dimension. In addition, if q = q^, an 
isolated singularity at £ is removable. The same holds true in a piecewise C 2 
domain fl except that £ — > is not constant on edges but it is continuous 
on every relatively open edge. 

For general Lipschitz domains, we can provide only a partial answer to 
the question posed above. 

We say that fl possesses a tangent cone at a point £ £ 90 if the limiting 
inner cone with vertex at £ is the same as the limiting outer cone at £. 

Theorem 1.13 Suppose that fl possesses a tangent cone at a point 
£ G 30 and denote by q c ^ the critical value for this cone at the vertex £. 



We do not know if, under the assumptions of this theorem, an isolated 
singularity at £ is removable when q = q c ^. It would be useful to resolve 
this question. 

E. The generalized boundary value problem in Lipschitz domains: the sub- 
critical case. 

In the case of smooth domains, a boundary value problem for equation 
(|1.16p is either subcritical or supercritical. This is no longer the case when 
the domain is merely Lipschitz since the criticality varies from point to 
point. In this part of the paper we discuss the generalized boundary value 
problem in the strictly subcritical case. Later we discuss the mixed case 
(partly subcritical and partly supercritical) when Q is a polyhedron and the 
boundary data is given by a bounded measure. 

Under the conditions of Theorem 11.131 we know that, if £ £ dfl and 
1 < q < q£ then K(-,£) £ L (fl). In the next result, we derive, under an 
additional restriction on q, uniform estimates of the norm \\K(-, £)|| £ i (Q n- 
Such estimates are needed in the study of existence and uniqueness. For its 
statement we need the following notation: 

If z G dfl, we denote by S Xtr the opening of the largest cone Cs with 
vertex at z such that Cs fl B r (z) C O U {z}. If E is a compact subset of dfl 
we denote: 





q* E = lim inf {o Sz r : z G dfl, dist (z, E) < r} . 
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We observe that 

q* E < 'w£{q c ,z ■ z G E} 

but this number also measures, in a sense, the rate of convergence of interior 
cones to the limiting cones. If is convex then q* E < (N + l)/(A r — 1) for 
every non-empty set E. On the other hand if Vt is the complement of a 
bounded convex set then q* E = (N + 1)/(N — 1). 

Theorem 1.14 If E is a compact subset of dil and 1 < q < q* E then, there 
exists M > such that, 

/ K q (x,y)p(x)dx < M \/y G E. (1.22) 
Jn 

Using this theorem we obtain, 

Theorem 1.15 Assume that H is a bounded Lipschitz domain and u is a 
positive solution of (|1.16p . If y G S(u) (i.e. y G SO is a singular point of u) 
and 1 < q < g? ■. i/ien, /or every k > 0, i/te measure k5 y is admissible and 

u > "Wfc^y = solution with boundary trace kd y . (1-23) 

Remark. It can be shown that, if g > g^}) (|1 -23|) may not hold. For instance, 
such solutions exist if 17 is a smooth, obtuse cone and y is the vertex of the 
cone. Therefore the condition q < for every y G d£l is, in some sense 
necessary for uniqueness in the subcritical case. 

As a consequence we first obtain the existence and uniqueness result in 
the context of bounded measures. 

Theorem 1.16 Let E C 90 be a closed set and assume that 1 < q < q* E . 
Then, for every [i G 271(0) such that supp/i C E there exists a (unique) 
solution of (|5.ip in 0, with boundary trace /j,. 

Further, using Theorems 11.101 11.111 and 11.141 we establish the existence 
and uniqueness result for generalized boundary value problems. 

Theorem 1.17 Let VI be a bounded Lipschitz domain which possesses a 
tangent cone at every boundary point. If 

1 <Q<q*dn 

then, for every positive, outer regular Borel measure v on d£l, there exists a 
unique solution u of U.16\) such that tr gQ (u) = v. 
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F. On the action of Poisson type kernels with fractional dimension. 

In preparation for the study of supercritical boundary value problems 
we establish an harmonic analytic result, extending a well known result 
on the action of Poisson kernels on Besov spaces with negative index (see 
pn| 1.14.4.] and |26j). We first quote the classical result for comparison 
purposes. 

Proposition 1.18 Let 1 < q < oo and s > 0. Then, for any bounded 
Radon measure /x in R n , 

I(p) = [ IK^M^I'e-Wy^dywy^ (1.24) 

Here K n \p] denotes the Poisson potential of /i in 1" = R + x M n_1 , 
namely, 

K n \n]{y)=lnVil - - MZ) oNra/2 Vy=( W) 06R? (1-25) 

where 7 n is a constant depending only on n. The notation I ~ J means 
that c" 1 / < J < cl for some c > 0. 
In this paper we prove, 

Theorem 1.19 Let 1 < q, m a positive integer and i/£K such that m+1 < 
v. For every s G (0,m/q') there exists a positive constant c such that, for 
every bounded positive measure fx supported in M m n B R / 2 (0), R > 1, 

- \H q B -s, mm) < f R ( f iK^Kr.OI'dC)^'- 1 ^ 

c y ' Jo K J\C\<R J 



'|CI<fl 7 (1.26) 

lB- s >'(K m ) ' 

Here 



K Vt M(T 1 Q=[ , J^ M "L, VrG[0,oo). (1.27) 

This also holds when s = m/q', provided that the diameter o/supp/x is 
sufficiently small. 

This is proved in Section 7 (see Theorem I7.8P using a slightly different 
notation. Note that 

KnM = 7nK niTV _i[/x]. 
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G. The admissibility condition and the critical value in a k-wedge. 



The next step towards the study of boundary value problems in a poly- 
hedron is the treatment of such problems in a k-wedge (or k-dihedron) i.e., 
the domain defined by the intersection of k hyperplanes in WL N , 1 < k < N. 
The edge is an (N — k) dimensional space. We note that the case k = N 
(which corresponds to a cone) has been studied previously in this paper 
while the case N = 1 (i.e. a half space) is classical. 

We denote by Da a k-wedge such that, its edge dA is identified with 
R N ~ k and the 'opening' of the wedge is A = Da H If Sa denotes the 

spherical domain 

N-l 

S A = {x G R N : \x\ = 1, x G A x ]J [0, vr]} C S^ 1 } (1.28) 

j=k 

then 

D A = {x = (r, a) : r > 0, a G S A }, D a ,r = D A nF R 

where 

T R = {x = (x',x") Gl'x R N - k : < r, \x"\ < R}. 
Let Xa be the first eigenvalue of —A sN _ 1 in Wq' (Sa) and denote 

k+ = \ (2 - N + y/(N - 2) 2 + 4X A ) 

2 V 7 (1.29) 

«_ = - (2 - - V(^"2) 2 + 4A A ) . 

One can show that the Martin kernel in relative to points z £ dA 
is given by 

K ( \ \xT + U> {N - k+1} (*N-k + l) ( , „ m 

#a(s,*)=Ca | x _ z | (j V-2+2. + ) ' ( L3 °) 



5 k 



X 



where (ji N ~ k+1 } is a related eigenfunction in A and x = (x',x") G 
j^iV-fc_ Tj s j n g this formula we obtain the admissibility condition for a mea- 
sure jJL G %Jl(dA) such that supp^ C -Br(O): 



f ( [ W\ K +dWz) y lxT+dx<OQ (131) 

7r fl W KJ v- fc (|x'|2 + |x"|2)(iV-2 + 2 K+ )/2 > ) M <te<0 ° ^ 

where T R := {x = (x',x") G M fc x R N ~ k : \x'\ < R, \x"\ < R}. 
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Using this expression we show that the condition 



1 < q < q c : 



K+ + N 



(1.32) 



k + + N - 2 



is necessary and sufficient in order that the Dirac measure \x = Sp, supported 
at a point P £ d^, be admissible. 

In addition we show that the condition 



is necessary and sufficient for the existence of a non-trivial solution u of 
(I1.16j) in Da which vanishes on BDaXcLa- Furthermore, when this condition 
holds, there exist admissible non-trivial positive bounded measures fi on dA, 
i.e., measures such that £ L q p (TR n Da). 

Finally we have the following removability result: 

Theorem 1.20 Assume that q c < q < q*. A measure fi £ 9Jt(dDA), with 
compact support contained in dA, is good relative to (j!.16[) in Da if and 
only if [i vanishes on every Borel set E C dA such that C^ k (E) = 0, where 
s = 2 — k+l f+ an d C^~, k is the Bessel capacity with the indicated indices in 
jjiV-fc ( w fii c fi we identify with the edge dA)- 

Recall that fj, is 'good' if the specified equation possesses a solution with 
boundary data \x. The above result implies in particular that sets with 
C Q T fc -capacity zero are conditionally removable. However we obtain a much 
stronger result later on. 

H. Boundary value problems in a polyhedron: the supercritical case. 

In the final part of the paper (Sections 8) we study boundary value prob- 
lems in the supercritical case in polyhedrons, with trace given by bounded 
measures. For such domains $7 we provide a complete characterization of 
'good measures', i.e., measures \i on dil such that (|1.16p possesses a (unique) 
solution with boundary trace fi. We also provide a complete characteriza- 
tion of removable sets. These results, with rather obvious modifications, 
also apply to piecewise C 2 domains. The case of general Lipschitz domains 
and boundary trace given by unbounded Borel measures will be treated in 
a subsequent paper. 

Theorem 1.21 Let Q be an N -dimensional polyhedron. Let L denote one 
of the faces, or edges, or vertices of £1 and let Ql denote the half space with 



Kq<q*:=l + 



2-k + y/{k - 2) 2 + 4A A - 4(iV - k)K. 
X A - (N - k)n + 
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boundary L, or the wedge with edge L, or the cone with vertex L such that 
£1 C Dl and 8Ql is determined by the faces of £1 adjacent to L. Thus d£l 
is the union of the sets d£l n OQl- 

Denote by Al the opening of Ql so that, in the notation ofG, Ql = Da l 
and denote by n + (L), q c (L) etc. the various notations introduced in G 
relative to A^. In particular let k(L) denote the co- dimension of the linear 
space spanned by L and put 

s( L) = 2- fc(L) +; +(L) . 

Let [i be a bounded measure on d£l, (possibly a signed measure). Then 
p is a good measure relative to fjl . 161) in $7, if and only if, for every L as 
above and every Borel set E C L the following condition holds. 

Ifl<k = codimL < N then 



q > q* c (L) => p(L) = if q > q* c (L) 
and if k = N (i.e., L is a vertex) 



;i.34) 



q > q c (L) = ^ + 2+ ^- 2)2+ ^ p(L) = 0. (1.35) 



In all cases, if 1 < q < q c (L) then there is no restriction on px 



L ■ 



I. Characterization of removable sets. 

Let be an N-dimensional polyhedron. 

Theorem 11.211 provides a necessary and sufficient condition for the re- 
movability of a singular set E relative to the family of solutions u such 
that 

/ \u\ q pdx < co. 
Jn 

The next result provides a necessary and sufficient condition for removability 
in the full sense, as defined in Definition 11.91 

Theorem 1.22 Let Q be an N-dimensional polyhedron and let E be a com- 
pact subset of dQ. A nonempty compact set E C dQ is removable if and 
only if, for every L as in G such that 1 < k = codimL < N the following 
condition holds: 
either 
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q c (L) < q < q* c (L) and C^ ql {E) = 



or q > q*(L). In the case k = N the condition is q > q*(L) = q c (L). 

Aknowledgements. The authors are grateful to the High Council for 
Scientific and Technological Cooperation between France and Israel for its 
financial support. 

2 Boundary value problems 

2.1 Classical harmonic analysis in Lipschitz domains 

A bounded domain Q C is called a Lipschitz domain if there exist 
positive numbers r , Aq and a cylinder 



such that, for every y £ dQ there exist: 

(i) A Lipschitz function ip y on the (N — l)-dimensional ball B' r (0) with 
Lipschitz constant > Ao; 

(ii) An isometry T y of 1^ such that 



The constant ro is called a localization constant of 0; Ao is called a 
Lipschitz constant of Q. The pair (ro,Ao) is called a Lipshitz character 
(or, briefly, L-character) of Q. Note that, if has L-character (ro, Ao) and 
r' £ (0, ro), A' G (Ao,oo) then (r', A') is also an L-character of £1. 

By the Rademacher theorem, the outward normal unit vector exists 
H N ~ l — a.e. on dft, where is the N-l dimensional Hausdorff measure. 

The unit normal at a point y 6 dQ will be denoted by n^. 

We list below some facts concerning the Dirichlet problem in Lipschitz 
domains. 

A.l- Let xo € h G C(dfl) and denote L xo (h) := Vh{xo) where Vh is the 
solution of the Dirichlet problem 



a o = {e=(6,OeM iV :|e / |<ro, |6| <r } 



(2.1) 



T«(y) = 0, {T»)-\O ro ):=Oy ro , 

2*(snno») = {(1^(0,0 = <(())} 

T«(nnO» ) = {(6,eO : e e <(0), -r < £i < ^(0} 



(2.2) 




on <9$7. 



(2.3) 
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Then L Xo is a continuous linear functional on C(dfl). Therefore there exists 
a unique Borel measure on d£l, called the harmonic measure in 0, denoted 
by uJq such that 

Vh ( Xo ) = I hduj^ V/t G C(dn). (2.4) 
Jan 

When there is no danger of confusion, the subscript will be dropped. 
Because of Harnack's inequality the measures uj x ° and u x , xq, x G Q are 
mutually absolutely continuous. For every fixed x G O denote the Radon- 
Nikodym derivative by 

K(x,y) := ^(y) for w*°-a.e. y G cKl (2.5) 

Then, for every i£Sl, the function y i— ► i^(x, y) is positive and continuous 
on 90 and, for every y G <9S1, the function x i— > K(x,y) is harmonic in f2 
and satisfies 

lim K (x, y) = Vy G d^i \ {y}. 

x-*y 

By m 

{im G(x 1 zl = K yyem 
z^y G(x ,z) 

Thus the kernel K defined above is the Martin kernel. 

The following is an equivalent definition of the harmonic measure |15j : 
For any closed set E C d£l 

(2 7) 

mf{cf)(xQ) : <ft G C(Q)+ superharmonic in Q, liminf <ft(x) > 1}. v ' ' 

x— *E 

The extension to open sets and then to arbitrary Borel sets is standard. 
By (ETIj) . and (f27?) . the unique solution v of (HO]) is given by 

= / K{x,y)h{y)dw x °(y) = 

■Jon (2.8) 

inf{0 G C(f2) : <fi superharmonic, liminf <p{x) > h(y), \/y G d£i}. 

x->y 

For details see [IS] , 

A. 2- Let (xo,yo) G x A function v defined in £1 is called a kernel 
function at t/o if it is positive and harmonic in f2 and verifies v(xo) = 1 and 
lim x ^ y v(x) = for any y G 90 \ {yo}- It is proved in Sec 3] that the 
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kernel function at yo is unique. Clearly this unique function is K(-,yo). 

A. 3- We denote by G(x,y) the Green kernel for the Laplacian in 17 x 0. 
This means that the solution of the Dirichlet problem 

f -Au = f in Q, 

\ u = on dfl, K ' 

with / G C 2 (f2), is expressed by 

u(x)= I ' G(x,y)f(y)dy Vy G H (2.10) 
./n 

We shall write (f240l) as u = G[f]. 

A. 4- Let A be the first eigenvalue of —A in V^Q' 2 (r2) and denote by p the 
corresponding eigenfunction normalized by maxj] p = 1. 
Let < 5 < dist (xo, fi) and put 

C^a := max G(x,x )/p(x). 

\x-xo\=S 

Since C XQt s p — G(-,xq) is super harmonic, the maximum principle implies 
that 

0<G(x,x ) <C XOt5P {x) VxeQ\B s (xo). (2.11) 

On the other hand, by [181 Lemma 3.4]: for any xq £ £1 there exists a 
constant C XQ > such that 

< p(x) < C Xo G(x,x ) VxGfi. (2.12) 

A. 5- For every bounded regular Borel measure [i on dVl the function 

v(x) = K(x,y)dfjt(y) ViGfi, (2.13) 

JdCl 

is harmonic in f2. We denote this relation by v = K[yu]. 

A. 6- Conversely, for every positive harmonic function v in Vt there exists a 
unique positive bounded regular Borel measure p on dVt such that (12.131) 
holds. The measure p is constructed as follows |15|. Th 4.3]. 

Let SP(p,) denote the set of continuous, non-negative superharmonic 
functions in $7. Let v be a positive harmonic function in Q. 

If E denotes a relatively closed subset of Q, denote by R„ the function 
defined in Q by 

Rj?(x) = mf{<f>(x) : <p G SP(Q), 4>>vm. E}. 
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Then R~ is super harmonic in Q, R£ decreases as E decreases and, if F is 
another relatively closed subset of £1, then 

tjEUF ^ r>E i r>F 

Now, relative to a point x G Q, the measure is defined by, 

l4(F) = M{Rf(x) :E = Dnfl, D open in R N , D D F}, (2.14) 

for every compact set F C dQ. From here it is extended to open sets and 
then to arbitrary Borel sets in the usual way. 

It is easy to see that, if D contains dQ then R^ nQ = v. Therefore 

l4(Ml)=v(x). (2.15) 

In addition, if F is a compact subset of the boundary, the function x i— > 
fJ-v(F) is harmonic in fi and vanishes on d£l \ F. 

A. 7- If x,xq are two points in f2, the Harnack inequality implies that 
is absolutely continuous with respect to /j, x ° . Therefore, for (j%°-a.e. point 
y G dQ, the density function dfj% / (y) is a kernel function at y. By the 
uniqueness of the kernel function it follows that 

^|(y) = K(x, y), <°-a.e. y G Sfi. (2.16) 



Therefore, using (|2.15p 



/4(F) = / K{x,y)dii xo {y), 



(2.17) 



(6) = / K{x,y)dn^{y). 

Ian 



A. 8- By a result of Dahlberg Theorem 3], the (interior) normal derivative 
of G(-,xq) exists WAr-i-a.e. on SO and is positive. In addition, for every 
Borel set E C dU, 

uj X0 (E)= 7n [ dG^,x )/dn^dS i , (2.18) 
Je 

where 7at(-/V — 2) is the surface area of the unit ball in M. N and dS is surface 
measure on dQ. Thus, for each fixed x G fi, the harmonic measure oj x 
is absolutely continuous relative to Hjv— i\qq with density function P(x, •) 
given by 

P(x,0 = dG(£,x)/dnt: fora.e. £ G 3ft. (2.19) 
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In view of (|2.8p . the unique solution v of (|2.3p is given by 

= f P{x,i)h{i)dS^ (2.20) 

for every h G C(90). Accordingly P is the Poisson kernel for 17. The 
expression on the right hand side of (I2.20|) will be denoted by f[h]. We 
observe that, 

K[hu X0 ] = F[h] Vh G C(dQ). (2.21) 

A. 9- The boundary Harnack principle , first proved in [TJ, can be formulated 
as follows [16]. 

Let D be a Lipschitz domain with L-character (tq, \q). Let £ G 3-D and 
5 G (0, ro). Assume that it, t> are positive harmonic functions in D, vanishing 
on dD n B$(£). Then there exists a constant C = C(N, rg, Ao) such that, 

C- 1 u{x)/v{x) < u{y)/v{y) < Cu(x)/v(x) Vx, y G B s/2 (£). (2.22) 

A. 10- Let D, D' be two Lipschitz domains with L-character (ro, Ao). Assume 
that D' C D and 3D n dD' contains a relatively open set V. Let £o G D' 
and let cj,o/ denote the harmonic measures of D,D' respectively, relative 
to xq. Then, for every compact set F C T, there exists a constant cp = 
C(F, A, ro, Ao, xq) such that 

lo'[f< lo[f< cfuj'If- (2.23) 

Indeed, if G, G' denote the Green functions of D,D' respectively then, 
by the boundary Harnack principle , 

dG'(£,x )/dii(: < dG(^x )/dn^ < c F dG(£, x )/dn ? for a.e. £ G F. 

(2.24) 

Therefore <[2T23|> follows from ([2T8]) . 

A. 11- By [18^ Lemma 3.3], for every positive harmonic function u in f2, 

/ v(x)G(x,x )dx < oo. (2.25) 
Jn 

In view of (j2T2j) . it follows that u G L^(fi). 

2.2 The dynamic approach to boundary trace. 

Let Q be a bounded Lipschitz domain and {^ n } be a Lipschitz exhaustion 
of 0,. This means that, for every n, £l n is Lipschitz and 

n n cn n cn n+1 , n = un n , u N -x(dn n ) -^Hjv-i(sn). (2.26) 
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Lemma 2.1 Let xo € fii and denote by uj n (respectively to) the harmonic 
measure in £l n (respectively £1) relative to Xq. Then, for every Z £ C(Cl), 



n^oo 



lim / Zduj n = Zdw. (2.27) 
'an n Jan 



Proof. By the definition of harmonic measure 

dui n = 1. 



zdoj n = I C,duj = z{xq). 
dtt n Jon 



We extend ui n as a Borel measure on Cl by setting uj n {VL\dVL n ) = 0, and keep 
the notation oj n for the extension. Since the sequence {co n } is bounded, there 
exists a weakly convergent subsequence (still denoted by {u> n }). Evidently 
the limiting measure, say ui is supported in d£l and u>(dd) = 1. It follows 
that for every Z £ C(Cl), 

/ Z du n — > / Z dw. 

Jdfl n JdQ, 

Let C '■= Z |an and z := K [£]■ Again by the definition of harmonic measure, 



It follows that 

/ (dw = I £ do;, 
Jan Jan 

for every £ £ C(<9Q). Consequently a) = a;. Since the limit does not depend 
on the subsequence it follows that the whole sequence {tv n } converges weakly 
to to. This implies (12371) . 

□ 

In the next lemma we continue to use the notation introduced above. 

Lemma 2.2 Let xq € Oi, Zei fj, be a bounded Borel measure on d£l and put 
v := K n [fi}. Then, for every Z £ C(O), 

lim / Zvdw n = / Zd/i. (2.28) 

n ^°° Jaa n J da. 

Proof. It is sufficient to prove the result for positive \i. Let h n := v |an„- 
Evidently u = K nn [/i n w n ] in Jl n . Therefore 

v(x ) = / /i n dw n = fj,(dtt). 
J 9n„ 
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Let fx n denote the extension of h n u n as a measure in Cl such that fJ, n (Cl \ 
9$7 n ) = 0. Then {fj, n } is bounded and consequently there exists a weakly 
convergent subsequence {fJ- nj }- The limiting measure, say jl, is supported 
in dQ and 

= u(x ) = H(dtt). (2.29) 
It follows that for every Z G C(fj), 

To complete the proof, we have to show that jl = [i. Let F be a closed 
subset of dil and put, 

Let h F := v F \gn n and let fj, F denote the extension of h F u n as a measure in 
Cl such that fi F (Cl \ <9f2 n ) = 0. As in the previous part of the proof, there 
exists a weakly convergent subsequence of The limiting measure /2 F 

is supported in F and 



fj, F (F) = fl F (dn) = v F {x ) = v F (dn) = fx(F). 

As v F < v, we have jl F < ji. Consequently 

H(F) < ji{F). (2.30) 

Observe that fx depends on the first subsequence {/%.,}, but not on the 
second subsequence. Therefore (|2,30p holds for every closed set F C d£l, 
which implies that [i<ji. On the other hand, [i and jl are positive measures 
which, by (|2.29|) . have the same total mass. Therefore /U = jl. 

□ 

Lemma 2.3 Let /i G 5D?(<9$7) (= space of bounded Borel measures on d£l). 
Then K[//] G -^p(^) an d there exists a constant C = C(fl) such that 

\\KM\ Llp{Q) <C IMI nm . (2.31) 

In particular if h G L 1 ((90;o;) then 

\\m\\Li(n)<C\\h\\ LHm .^. (2.32) 



22 



Proof. Let xq be a point in O and let K be defined as in (|2,5p . Put 0(-) = 
G(-, xq) and do = dist (xo, O). Let (ro, Ao) denote the Lipschitz character of 

o. 

By O Theorem 1], there exist positive constants c±(N, ro, Ao, do) and 
co(iV, r , Ao, do) such that for every y G 30, 

c i 117 7\ F-|/ < < ci jt \x-y\ , 2.33 

(p z {X ) (p z (x ) 

for all x, x' G O such that 

cok — y\ < dist (x', 90) < \x' — y\ < \x — y\ < — min(do, tq/8). (2.34) 

Therefore, by (|2.12p and (|2.1ip . there exists a constant C2{N, ro, Ao, do) such 
that 

for X • X cLS above. There exists a constant Co, depending on cq, N, such that, 
for every x S satisfying |x — y| < | min(do, ro/8) there exists which 
satisfies (|2.34|) and also 

\x — x'\ < Co min(dist (x, 00), dist (x', 00)). 

By the Harnack chain argument, 4>(x)/(j)(x') is bounded by a constant de- 
pending on N,co. Therefore 

C3 x |x - y\ 2 ~ N < p(x)K(x, y) < c 3 |x - y\ 2 ~ N (2.35) 

for some constant C3(N, ro, Ao, do) and all x € sufficiently close to the 
boundary. 

Assuming that p > 0, 



!€[/i](x)p(x)dx = / / K(x,£)p(x)dxdp(£) <C\\p,\\ mdn) . 
n Jan Jn 

In the general case we apply this estimate to //+ and p- . This implies (|2.3ip . 
For the last statement of the theorem see (I2.2ip . 

□ 

Proposition 2.4 Let v be a positive harmonic function in O with boundary 
trace p. Let Z £ C 2 (0) and let G € C°°(0) be a function that coincides 
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with x i — > G(x, xq) in Q n SI for some neighborhood Q of <9$7 and some fixed 
xq £ £1. In addition assume that there exists a constant c > such that 



\VZ-VG\<cp. (2.36) 
Under these assumptions, if Q := ZG then 



vA(dx= / Zdii. (2.37) 
n Jan 

Remark. This result is useful in a k-dimensional dihedron in the case where 
fi is concentrated on the edge. In such a case one can find, for every smooth 
function on the edge, a lifting Z such that condition (|2.36p holds. See Section 
8 for such an application. 

Proof. Let {Sl n } be a C 1 exhaustion of £2. We assume that dVL n C Q 
for all n and xo € Hi. Let G n {x) be a function in C 1 (f2 n ) such that G n 
coincides with G Qn (-,xo) in Q n S7„, G n (-,xo) — >■ G(-,xo) in C 2 (0\Q) and 
G n (-,xo) - ► G(-,xo) in Lip(Q). If Q n = ZG n we have, 

— / vA( n dx = / vd n (dS= / vZd D G n (£,xo) dS 

= / uZP n "(x ,O^ = / vZdu n . 



By Lemma [2T2| 

/ du> n — ► / Z dji. 

Jdn„ J an 

On the other hand, in view of (|2,36p . we have 

ACn = G n AZ + ZAG n + 2VZ • VG n -► AZ 
in L*(f2); therefore, 



vA( n dx —* — / uA£ dx. 



□ 



Definition 2.5 Let D be a Lipschitz domain and let {D n } be a Lipschitz 
exhaustion of D. We say that {D n } is a uniform Lipschitz exhaustion if 
there exist positive numbers f, A such that D n has L-character (f, A) for all 
n£N. The pair (f , A) is an L-character of the exhaustion. 
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Lemma 2.6 Assume D,D' are two Lipschitz domains such that 

TcdDndD'c d(D U D') 

where T is a relatively open set. Suppose D,D',D U D' have L-character 
( r o> ^o)- Let xq be a point in D n D' and put 

do = min(dist (xo, 9D), dist (xo, dD)). 

Let u be a positive harmonic function in D U D' and denote its boundary 
trace on D (resp. D' ) by fi (resp. fi' ). Then, for every compact set F C V, 
there exists a constant cf = c(F,ro,Ao,do,N) such that 

cPVLf<4f<cf//Lf. (2.38) 

Proof We prove ([235]) in the case that D' dD. This implies (f!T38j) in the 
general case by comparison of the boundary trace on dD or dD' with the 
boundary trace on d(D U D'). 

Let Q be an open set such that Q n D is Lipschitz and 

FcQ, QnD c D', QndDcT. 

Then there exist uniform Lipschitz exhaustions of D and D' , say {D n } and 
{D' n }, possessing the following properties: 

(i) D' n n Q = D n n Q. 

(ii) xq G D[ and dist (xq, dD[) >\d\j. 

(iii) There exist rq > and Aq > such that both exhaustions have 
L-character (tq,Xq). 

Put r n := dD n nQ = dD' n nQ and let uj n (resp. u4) denote the harmonic 
measure, relative to xq, of D n (resp. By Lemma [221 

4>u(y)duj n (y) -> / 

r„ 



and 

/ 4>u(y)duj' n (y) -> / 0d/i' 

for every </> G C C {Q). By A. 10 there exists a constant cq = c(Q, rq, Aq, do, iV) 
such that 

u' n lr n < w„Lr n < cqw^Uv 

This implies (12381) . 

□ 
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Let / G L°°(Q), and let u be the weak W ' 2 solution of the Dirichlet 



2.3 L 1 data 

We denote by X(Q) the space of test functions, 

X(n) = {r/ G W^ 2 (fl) : p^Ary G . (2.39) 

Let -X+(fi) denote its positive cone. 

Let , 
problem 

- An = / in ft , a = on9S] (2.40) 

If 17 is a Lipschitz domain (as we assume here) then u G C(O) (see |32|). 
Since G[f] is a weak Wq' 2 solution, it follows that the solution of (|2.40p . 
which is unique in C(Cl), is given by u = G[/]. If, in addition, |/| < c\p 
then, by the maximum principle, 

\u\ < (ci/A)p, (2.41) 

where A is the first eigenvalue of —A in SI. 

In particular, if r/ G X(Q) then 77 G C(0) and it satisfies 

— G[Ar/] = 77, (2.42) 
H KA-^p^AvW^p. (2.43) 

If, in addition, ft is a C 2 domain then the solution of (|2.40p is in C 

Lemma 2.7 Let Q be a Lipschitz bounded domain. Then for any f G Lp(Q) 
there exists a unique u G L p (Sl) such that 

- [ uArjdx= [ frjdx \/n G X(£l). (2.44) 

Furthermore u = G[f}. Conversely, if f G L\ oc {Q), f > and there exists 
xq G £1 such that G[/](xo) < 00 ^ en / S L^(S1). Finally 

\HL pm <^ l \\f\\ Lp (n) (2-45) 

Proof. First assume that / is bounded. We have already observed that, in 
this case, the weak Wq' 2 solution u of the Dirichlet problem (|2.40p is in C(Cl) 
and u = G[f]. Furthermore, it follows from [3] that 

V77 • Vudx = — I uAndx. 
n Jo, 
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Thus u = G[f] is also a weak L x solution (in the sense of (|2.44p ). 

Let 770 be the weak W ' 2 solution of (|2.40p when / = sgn(n)p; evidently 
r/o G X(O). If u G L X {VL) is a solution of ([23iD for some / G £p(0) then 

/ |«|/«ic = / /f^da: < A" 1 / \f\pdx. (2.46) 
Jn Jn Jn 

The second inequality follows from (|2,4ip . This proves (|2.45p and implies 
uniqueness. 

Now assume that / G L*(Q) and let {/„} be a sequence of bounded 

1 2 

functions such that f n — * f in this space. Let u n be the weak W ' solution 
of (|2.40p with / replaced by f n . Then u n satisfies (|2.44[) and u n = G[f n \. 
By (|2.45|) . {u n } converges in Lj;(Q), say u n — > u. In view of (|2.1ip it follows 
that u = G[f] and that u satisfies ()2.44p . 

If / G Ljjn), f > and G[f}(x ) < 00 then, by ^M, f G 

□ 

Lemma 2.8 Lei U be a Lipschitz bounded domain. If f G L^(fi) and /i G 
L 1 (9il;<jj), i/iere exists a unique u G £p(Jl) satisfying 

I (-uArj - frf)dx = - f P[h]Ar)dx V?? G X(fi) (2.47) 
Jn Jn 

or equivalently 

u = G[f]-¥[h}. (2.48) 

The following estimate holds 

ll«llLi(n)<c(||/|| z i ( n) + rWllri(n)) ( 2 - 49 ) 



<c[||/|| z i {n) + ||^ il(a ^) 



Furthermore, for any nonnegative element rj G -X"(fi), we /iaue 

- / \u\Andx<- P[\h\]Arjdx + / nfsgn(u)dx, (2.50) 
Jn 



and 



— / u + Arjdx< — I P[/i + ]Andx + / rjfsgn + (u)dx. (2.51) 
Jn Jn Jn 

Proof. Existence. By Lemma 12.31 the assumption on h implies that IP[|/i|] G 
Lp(fi). If we denote by v the unique function in L l p (£l) which satifies 

— / vAr/dx = — I fr/dx Vn G X(£l), 
Jn Jn 
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then u = v — F[h] G Lj(J2) and (p^TD holds. 

By Lemma E21 $ME§ is equivalent to (EE4TD . 
Estimate [2.49$ This inequality follows from (|2.47|) and (|2.45|) . 

Estimate \2. 51\) . Let {f2 n } be an exhaustion of f2 by smooth domains. If u 
is the solution of (12.471) and h n := uL n then, in f2 n , 

I (71 in 

u = G n "[/]-P n "[fc n ] intt n , 

or equivalently, 

/ (-uAr/ -frj)dx = - / P[/i„] A? A (2.52) 

{drj/du)h n dx Vr/ G X(Q„). 

We recall that, since n is smooth, 77 G -^(O n ) implies that 77 G C 1 (il n ). In 
addition it is known that (see e.g. [33]), for every non-negative r) G X(Q n ), 

/ (— \u\ A77 — fnsignu) dx < — / dr)/dn\h n \dx (2.53) 

J ^n " d^iji 

Let p n be the first eigenfunction of —A in £l n , normalized by p n {x) = 1 for 
some x G Let be a non-negative function in X(Q) and let % be the 
solution of the problem 

Az = (Arj)p n /p in f2 n , z = on 9fi n . 

Then r] n G X(f2 n ) and, since p n — > p, 

Ar/ n -> A77, r?„ -> r?. 

If w := P[|/i|] then v > \u\ so that 



^ n : ~ v \an n - l^ n l- 



Therefore 



— / dr] n / dn\h n \dx < — / <9r//<9n|/i n |cfe = (2-54) 

- / P nn [h n ]A7] n dx = - / u Ar] n dx -> - / vArjdx. 
Finally, ([233]) and (12341) imply (I230D . 

Estimate (|2.5ip This inequality is obtained by adding (|2.47p and (|2.50p . 

□ 
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Definition 2.9 We shall say that a function j :l belongs to Q(M) if 
it is continuous, nondecreasing and g(0) = 0. 

Lemma 2.10 Let Q be a Lipschitz bounded domain and g G £7(M). If f G 
Lp(Q) and h G L l (d£l;uj), there exists a unique u G Lp(Q) such that g{u) G 
Vp{pL) and 

/ {-uAn + (g{u) - f)n) dx = - F[h]An dx Vr? G X(O). (2.55) 
Jn Jn 

The correspondence (/, h) \—* u is increasing. 

If u,u' are solutions of (|2.55p corresponding to data f,h and f',h' re- 
spectively then the following estimate holds: 

W u ~ u 'Lj(n) + H u ) ~ 9(u)\\ Llp(n) (2.56) 

^^IIZ-ZlL^ + ll^-^ll^n)) 

^ c (\\f-f'Li(n) + \\ h - h '\\LHdn,u,))- 

Finally, for any nonnegative element r] G X(£l), we have 

— / \u\Andx + / \g(u)\ndx< — / F[\h\] A-qdx + I nfsgn(u)dx, (2.57) 
Jn Jn Jn Jn 

and 



— / u + Andx-\- \ g(u) + r]dx<— F[h + ]Arjdx + / i]fsgn + (u)dx. (2.58) 
Jn Jn Jn Jn 

Proof. If u, u' are two solutions as stated above then v = u — u' satisfies 

/ (-vAn + Fn) dx = - F[h - h']Ahdx Vr? G X(Q) (2.59) 
Jn Jn 

where F = g(u) - g(u') - (f - /') G L^Vt). Applying (|2.50p to this equation 
and using the properties of g described in Definition 12.91 we obtain (|2.56p . 
Similarly we obtain ([237]) and ([2381) . using (f23U|) and (|23Tj) . These in- 
equalities imply uniqueness and monotone dependence on data. 

In the case that / and h are bounded, existence is obtained by the stan- 
dard variational method. In general we approach / in L p (£2) by functions 
in C£°(f2) and h in L l (d£l;uj) by functions in C(<9f2) and employ (|2.56j) . 

□ 
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3 Measure data 



Denote by 9JI p (f2) the space of Radon measures v in 17 such that p\v\ is a 
bounded measure. 

Lemma 3.1 Let Q be a Lipschitz bounded domain. Let v G Wl p (Q) and 
u G L] oc (p) be a nonnegative solution of 

—An = v in Q. 

Then u £ Lp(Q) and there exists a unique positive Radon measure fx on dQ 
such that 

u = K[fi]+G[u}. (3.1) 

Proof. Let D be a smooth subdomain of f2 such that D C f2. Since u G 
for some p > 1 it follows that u possesses a trace, say Hd, in 

VF 1_ p' p (aZ)). Put v := u - G D [v). Then -Av = in D and u > on 
9.D and therefore in D. If {-D n } is an increasing sequence of such domains, 
converging to 17, then & Dn [v] ] G n [u}. Thus v = u - G n [u] is a non- 
negative harmonic function in f2 and consequently possesses a boundary 
trace p G 97t(<9$7) such that v = K[/i]. 

□ 

Lemma 3.2 Lei U be a Lipschitz bounded domain. If v G 9Jt p (S7) and 
/x G 5DT(<9$7) ; i/iere exists a unique u G L^($7) satisfying 

/ -uAr/dx = / ??aV- / K[fj]Ar]dx Vn G X(S7). (3.2) 

Jn 

XTus is equivalent to 

u = G[i/]+K[4 (3.3) 

T/ie following estimate holds 

\\u\\ L i {n) < c (|MU P (n) + ||K[A*]|| £ i (n) ) (3.4) 

- c (iMIsm^n) + IHI<H(£>n)) • 

In addition, if dv = fdx for some f G L l p (£l) then, for any nonnegative 
element n G X(Q), we have 

— / \u\Ar]dx<— / Kfl^lJAndx + / r/fsgn(u)dx, (3.5) 
Jn Jn Jn 

and 

— / u + Ar]dx < — / K[u+]A7/Gb + / r]fsgn + (u)dx. (3.6) 
Jn Jn Jn 
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Proof. We approximate \i by a sequence {h n P(xo, •)} and v by a sequence 
{/„} such that 

^p^o, •) g L\dn), h n p(x , .)h n _i — ► weakly in measure 

and 

/n £ -^p(^)) fn^>v weakly relative to C p (f2), 

where C p denotes the space of functions Q G C(Q) such that pQ G L°°(S1). 
Applying Lemma 12.81 to problem (12,490 (/, h replaced by f n , h n ) and taking 
the limit we obtain a solution u G Lp(fl) of (|3.2p satisfying (|3.4p . 

Lemma 12.71 implies that any solution it of (|3.2[) satisfies (|3.3p . Therefore 
the solution is unique and hence (|3.4p holds for all solutions. 

Inequalities (|3.5p and (|3.6I) are proved in the same way as the corre- 
sponding inequalities in Lemma 12.81 

□ 

Definition 3.3 Let Q be a bounded Lipschitz domain and let g G £/(R). If 
\x G 371(30), a function u G iAip) is a weak solution of 

( -Au + g(u) = in fl , 
\ u = \i in dQ, 

if g{ u ) ^ Lp(Q) and 

u + G[g(u)} =K[fi] (3.8) 

a.e. in f2. Equivalently 

I (-uAr) + g{u)n) dx = - (K[//]Ar/) dx Vr? G A"(fi). (3.9) 
Jo, Jo, 

The measure fj, is called the boundary trace of u on d£l. 

Similarly a function u G L p (Q) is a weak supersolution, respectively sub- 
solution, of (|3,7p if g{u) G L p {p) and 

u + G[g{u)] > K[fj] respectively u + G[g(u)} < K[pi\. (3.10) 

This is equivalent to (|3.9p . with = replaced by > or <, holding for every 
positive n G X(Q). 

Remark. It follows from this definition and Lemma 12.101 that, if 

weakly in ffl( dQ), u n ->• u, g(u n ) ^ g(u) in L p (Q), 

and if 

u n = K[fi n ] - G[g(u n )], 

then u = — G[g(u)]. 
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Lemma 3.4 Let Q be a Lipschitz bounded domain and let g G Q. Suppose 
that \i G dJl(dQ) and that there exists a solution of problem (|3.7p . Then the 
solution is unique. 

If |U, fj,' are two measures in 9Jt(d{l), for which problem (|3.7p possesses 
solutions u, u' respectively, then the following estimate holds: 

\\ u - n 'ILi(n) + H u ) - 9(u')\\ L i (a) < ||k[m - M']|Li (n) ) (3-ii) 

< ii 'ii 

- 11^ ~~ l 1 Ils!tt(<9f2) ' 

If [i < fi' then u < u' . 

In addition, for any nonnegative element r\ G X(Q), we have 

- / (\u\ At/- \g(u)\rj)dx < - I K[\fi\]Ar]dx (3.12) 
Jn Jn 

and 

- / (u+An- g(u) + n)dx <- / K[fi + }Ar]dx. (3.13) 
Jn Jn 

Proof. This follows from Lemma 13.21 in the same way that Lemma 12.101 
follows from Lemma 12.81 □ 



Definition 3.5 Assume that u G W}'^(p) for some p > 1. We say that 
u possesses a boundary trace /i G $Jl(dQ) if, for every Lipschitz exhaustion 

{n n } ofn, 



lim / Zuduj n = / Z dfi, (3-14) 
n ^°°Jdn n Jan 

holds for every Z G C(f2). 

Similarly we say that u possesses a trace fj, on a relatively open set A C 
89, if (I3.14P holds for every Z G C(O) such that suppZ C Q U A. 

Remark. If u G W^(fl) for somep > 1 then, by Sobolev's trace theorem, for 
every relatively open (N — 1)- dimensional Lipschitz surface X, u possesses a 

trace in W 1 p' p (£). In particular the trace is in L 1 (S). In fact there exists 
an element of the Lebesgue equivalence class of u such that the trace on £ 
is precisely the restriction of u to E. When it is relevant, as in (|3.14p . we 
assume that u is represented by such an element. 

If u G W 1,P (Q) then, by the same token, u possesses a trace in W 1 p' p (dtl). 
If {Q n } is a uniform Lipschitz exhaustion and h n (resp. h) denotes the trace 
of u on dQ n (resp. dQ) then 



l^n|| i i„ 



l-l.p 

7 Tl'r 
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This follows from the continuity of the imbedding 

and the fact that C 1 ^) is dense in VF 1 ' p (0). 

Similarly, if is a Lipschitz exhaustion (not necessarily uniform, but 
satisfies ()2.26j) ) then 

H^IL^e^n) — * II ^ Hi 1 (an) ■ 

In particular, if u E Wq ' p (0) then its boundary trace is zero, in the sense 
of the above definition. 



Proposition 3.6 Let u be a weak solution of (13. 7p . If {Q n } is a Lipschitz 
exhaustion of Q then, for every Z E C(Cl), 



n^oo 



lim / Zuduj n = 1 Z d/j,, (3.15) 
ldn n Jan 



where uj n is the harmonic measure of O n (relative to a point xq E f?i). 

Proof. If v := G[g ou] then i? E L l p {yt) and u + u is a harmonic function. By 
(|3TKD . u + v = lC Q [/i]. Therefore, by Lemma E21 

lim / Z(u + v)duj n = / Zcfyx (3.16) 
n ^°° ./so, Jen 



for every Z E C(O). As v E Wg' p (fi) f° r some p > 1 its boundary trace is 
zero. Therefore (|3.16p implies (|3.15p . □ 

Definition 3.7 A measure \i E DJl(d£l) is called g-admissible if g(K[\fj,\]) E 
Lj(0). 



Theorem 3.8 // /i is g-admissible then problem (|3.7I) possesses a unique 
solution. 



Proof. First assume that /i > 0. Under the admissibility assumption, £7 = 
K[//] is a supersolution of (|3.7p . Let {-D n } be an increasing sequence of 
smooth domains such that D n C D n +i C O and D n f 0. Let u n be the 
solution of problem (|3.7|) in D n with boundary data /i n = U\ QD . Then 
{u„} decreases and the limit u = limu n satisfies (13.7p . 
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In the general case we define U = K[|/i|] and U, before. By 

assumption g(U) E L l p {0.) and U dominates \u n \ for all n. Let r\ be a non- 
negative function in X(O) and let £ n be the solution of the problem 

AC = (Arj)p n /p in D n , £ = on dD n . 

Then £ n E X(D n ) and, since p n — ► p, 

(ACn)^(Ar?), Cn^r/. 

In addition, (A£ n )/p n = (Arj)/p is bounded and, by (|2.4ip . the sequence 
{Cn/Pn} is uniformly bounded. 
The solutions u n satisfy, 

! (-u n A( n + g(u n )( n )dx = - [ F D "[h n ]AC n dx. (3.17) 
Jd„ Jd„ 

The sequence {u^ '■ k > n} is bounded in W ' p (D n ) for every n. Conse- 
quently there exists a subsequence (still denoted by {u n }) which converges 
pointwise a.e. in f2. We denote its limit by u. Since {u n } is dominated by 
U it follows that 

lim / (-u n A( n + g(u n )( n ) dx = / (-uArj + g{u)rj) dx. 
Furthermore, 

/ F Dn {h n ]A( n dx = / UAr]{p n /p)dx -» / UAr]dx= / K[/i]A?/da;. 
Thus u is the solution of (|3.7p . 

□ 

Remark. If we do not assume that c/(0) = the admissibility condition 
becomes, 

g(K[p + ]+p(g(0)) + ) E Li(fi) and g(-K^] - p(<?(0))_) & (3-18) 



4 The boundary trace of positive solutions 

As before we assume that is a bounded Lipschitz domain and g E Q. 
We denote by p the first eigenfunction of —A in Q normalized by p(xq) = 1 
at some (fixed) point xq E ^. 
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A function u G Lj oc (Q) is a solution of the equation 

-Au + g(u)=0 in Q, (4.1) 

if g o u G Lj oc (J7) and u satisfies the equation in the distribution sense. 

A function u G L\ oc (Sl) is a supersolution (resp. subsolution) of the 
equation (|4.ip if 5 o u G L / 1 oc (f2) and 

— Au + 5 o u > (resp. < 0) 

in the distribution sense. 



Proposition 4.1 Let u be a positive solution of (|4.ip . If g o u G Li(^) 
i/ien u G ip(f^) anc? it possesses a boundary trace fi G 9Jt(<9Q), i.e., u is £/ie 
solution of the boundary value problem ()3.7[) u>i£/i i/us measure fj,. 

Proof. If v := G[g o u] then t> G -Lp(Sl) and u + u is a positive harmonic 
function. Hence u + u G and there exists a non-negative measure 

G 9Jl(dQ) such that u + v = "K\p\. In view of (|3.8p . this implies our 
assertion. □ 

Lemma 4.2 If u is a non-negative solution of (|4.1|) f/ien it G C 1 (J7). 

-Let {u n } be a sequence of non-negative solutions of (|4.ip which is uni- 
formly bounded in every compact subset of Q. Then there exists a subse- 
quence {u n .} which converges in C 1 (0 / ) for every 0,' <e Q, to a solution u of 

m- 

Proof. Since g o u G L} oc (VI) it follows that u G W^jf (f2) for some p G 
[1, N/(N — 1)). Let fi' be a smooth domain such that fi' (<= By the trace 
imbedding theorem, u possesses a trace h G L^cKV). If U is the harmonic 
function in f2' with boundary trace h then u < U. Thus -u (and hence 
jou) is bounded in every compact subset of U. By elliptic p.d.e. estimates, 
u G C^O). 

The second assertion of the lemma follows from the first by a standard 
argument. □ 

Theorem 4.3 (i) Let u be a non-negative supersolution (resp. subsolution) 
of (@[TJ). Then u G W^f (Q) for some p G [I,N/(N - 1)). In particular, if 
£1' is a C 1 domain such that Q' (s Q then u possesses a trace h G L l (dQ!). 

(ii) Ifu is a positive supersolution, there exists a non-negative solution u < u 
which is the largest among all solutions dominated by u. 
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If u is a positive subsolution and u is dominated by a solution w of (|4.ip 
then there exists a minimal solution u such that u < u. In particular, if 
g G Q satisfies the Keller- Osserman condition then such a solution exists. 

(Hi) Under the assumptions of (ii), if g o u G L p (£l) (resp. g o u G L p (Vl)) 
then the boundary trace of u (resp. u) is also the boundary trace of u in the 
sense of Definition 13.51 

Proof. First consider the case of a supersolution. Since —Au + g(u) > 
there exists a positive Radon measure t in fl such that 

— Au + g(u) = t in Q. 

Therefore u G W lo f(U) and consequently u possesses an L 1 trace on dQ' for 
every £1' as above. 

Next, let {Q n } be a C 1 exhaustion of Q which is also uniformly Lipschitz. 
Let v n be the solution of the boundary value problem 

— Av + g(v) = in Q n , v = u on d£l n . (4.2) 

Since u possesses a trace in L l (d£l n ) this boundary value problem possesses a 
(unique) solution. By the comparison principle < v n < u in Q n . Therefore 
the sequence {v n } decreases and consequently it converges to a solution u 
of (14. lh . Evidently this is the largest solution dominated by u. 

Now suppose that g o u G L p (Sl) (but not necessarily g o n G L^(O)). 
By Proposition l4.lt n G and u possesses a boundary trace n. By the 

definition of v n , 

/ udu n = P Qn (xo,y)u(y)dS = v n (x ) + G nn (x,x )g(v n (x))dx 

— > u( x o) + / G n (x,xo)g(u(x))dx. 
Jn 

Hence, taking a subsequence if necessary, we may assume that 

where \j! is a measure on dVl such that 

/j?(dSl) = u(x ) + / G n (x,x )g(n(x))dx. 

On the other hand, as is the boundary trace of u, 

u(xq) + / G Q (x, xo)g(u(x))dx = /x(dU). 
Jn 
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Thus /j,(dQ) = n'(dQ). However, as u < u, we have p < p'. This implies 
that p = pf. 

Next we treat the case of a subsolution. The proof of (i) is the same 
as before. We turn to (ii). In the present case, the corresponding sequence 
{v n } is increasing and, in general, may not converge. But, as we assume 
that u is dominated by a solution w, the sequence converges to a solution u 
which is clearly the smallest solution above u. In particular, if g satisfies the 
Keller-Osserman condition then {v n } is uniformly bounded in every compact 
subset of Q and consequently converges to a solution. 

The proof of (iii) for subsolutions is again the same as in the case of 
supersolutions. 

□ 

Corollary 4.4 I. Let u be a non-negative supersolution of (14.11) . Let A be 

a relatively open subset of dVt. Suppose that, for every Lipschitz domain ft' 
such that 

n' c n, dn' none a, (4.3) 

we have 

gouELKn'). (4.4) 

Then both u and u possess traces on A and the two traces are equal. 

II. Let u be a non-negative subsolution of (j4.1j) . Let A be a relatively open 
subset of dQ. Suppose that for every Lipschitz domain Q' satisfying (|4.3p 
we have 

goueLffl). (4.5) 
Then both u and u posses traces on A and the two traces are equal. 

Proof. Let a be a supersolution and let £1' be a domain as above. Denote 
by p' the first eigenfunction of —A in £1' normalized by p'(xo) = 1 f° r some 
xo £ O'. Since p' < cp, (14. 3D implies that g o u G L^(O'). Let yf denote the 
largest solution of (|4.ip in ft' dominated by u. Then g o yf G L ,(0!) and, 
by Theorem 14.31 yf £ Lp(O') and yf has a trace v' on dfl' which is also the 
boundary trace of u on dCl. 

Let {f2 n } be an increasing uniformly Lipschitz sequence of domains such 
that dQ n n is a C 1 surface, D n := Q \ Q n is Lipschitz and 

F n ■.= dn n \nc F n ° +1 c a, un n = o, uf° = a, 

where F® is the relative interior of F n . Denote by u n the largest solution 
dominated by u in £l n and observe that {u n } is decreasing and converges to 
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a solution. Obviously this is the largest solution dominated by u, namely, 
u. 

Let r n be the trace of u n on dVt n . Put v n = T n x Fn - Recall that r n is also 
the trace of u so that 

v 'n = T n — Vn = UXim n \F n dS. 

Assertion A. There exists a Radon measure v on A such that v n — 1 v and 
v is the trace of u, as well as of u, on A. 

Let E be a compact subset of A and denote, 

n{E) := inf{m G N : E C i^}. 

In view of the fact that, for n > n(E), v n is the trace of u, relative to f2 n , 
on a set F®r E \ in which E 1 is strongly contained and the fact that {Sl ra } is 
Lipschitz, Lemma 12.61 implies that the set {v n (E) : n > n(E)} is bounded. 
By taking a sequence if necessary we may assume that 

Applying this procedure to E = F m for each m G N and then using the 
diagonalization method we obtain a subsequence, again denoted by {^ n }, 
such that 

where v is a Radon measure on A (not necessarily bounded). 

Next we wish to show that v is the trace of u on A relative to $7. To this 
purpose we construct a C 1 exhaustion of 0, say {D n }, such that Z) n (1 Q n 
and <9L> n = T n U r' n where 

T' n = dn n n{y£n: dist (y, F n ) > e n } 
T n C {y e U n : dist (y, F n ) < e n }, 

where < e n < |dist (F n , dfl \ A) is chosen so that 

Hiv-iXr n ^n-iXa and uxv n duj n v. 

Here dto n is the harmonic measure in D n . This is possible because, if T n is 
sufficiently close to d£l n , then 

UXr n duJ n - V n XF n 0. 
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(As usual in this paper, v n XF n denotes the Borel measure in R that is equal 
to v n on F n and zero elsewhere.) This implies that v is the trace of u on A. 

Since u n is also the trace of u n on F n it follows that, if T n is sufficiently 
close to <9S7 n , 

u n Xr n duj n - v nXFn 0. 

As u n I u we deduce that v is also the trace of u on A. 

If u is a subsolution the argument is essentially the same. Let u n be 
the smallest solution that dominates u in f2 n . Then the sequence {u n } is 
increasing, but it is dominated by a solution w. Therefore it converges to 
a solution and this is the smallest solution dominating u, namely, u. By 
Theorem 14.31 u n and u[ possess the same trace on d£l n . Let r n be the trace 
of u n on dtt n and put v n = T n XF n - The rest of the proof is as before. 

□ 

Definition 4.5 Let u be a positive supersolution, respectively subsolution, 
°f (|4.ip . A point y £ d£l is a regular boundary point relative to u if there 
exists an open neighborhood D of y such that g o u £ C\D). If no such 
neighborhood exists we say that y is a singular boundary point relative to u. 

The set of regular boundary points of u is denoted by TZ(u); its com- 
plement on the boundary is denoted by S(u). Evidently lZ{u) is relatively 
open. 

Theorem 4.6 Let u be a positive solution of (14. ip in £1. Then u possesses 
a trace on 1Z(u), given by a Radon measure v . 
Furthermore, for every compact set F C 1Z(u), 

/ (-uArj + g(u)rj) dx = - (K[uxf]^v) dx (4.6) 
Jn Jn 

for every rj £ X(Q) such that suppr/ n d£l C F. 

Proof. The first assertion is an immediate consequence of Corollary 14.41 

We turn to the proof of the second assertion. Let F be a compact subset 
of TZ(u) and let r] £ X(Q) be a function such that the following conditions 
hold for some open set E v : 

supp?? c o n e v , FcE v ndn, E v ns(u) = x e d v ■- nnE v . 

By Definition 14.51 if D is a sub domain of f2 such that D n S{u) = then 
g o u £ Lp(D), where p is the first normalized eigenfunction of il. Let E be 
a C 2 domain such that 

E v cE, u N ^(dnndE) = 0, EnS(u) = ®. 
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Put D := E n n and note that g o u G L l p (D). 

If <p denotes the first normalized eigenfunction in D then <j) < cp for 
some positive constant c. Therefore the fact that g o u £ L\{D) implies 
that g o u G L^(D) and the properties of rj imply that 77 G X(D). Hence u 
possesses a boundary trace r D on dD and 

/ (-uAr? + g{u)rj) dx = - [ (K d [t d ]At]) dx. (4.7) 

JD JD 

Let T = E n dft and T = 9L> \ T; note that r n S{u) = and r/ vanishes 
in a neighborhood of dE n Put r/ 3 = r^Xr and T f, = t d - rf . Then 
dr^ = ndS 1 on T' and, as u G C(Z) \ T), 

K D [r^] G C(5\T). 

Furthermore r] vanishes in a neighborhood of T' and consequently 



f (K d [tP,}At]) dx = [ [ [ P D {x,y)u{y)dS y ) Ar](x)dx 

JD JD \JdD\r J 

= [ (I P D (x,y)A V (x)dx]u(y)dS y = 0. 
JdD\r \jd J 



Thus 



f (-uAf] + g(u)rj) dx = - [ K D [Tf]Ar]dx. (4.8) 
Jn Jn 

(Changing the domain of integration from D to 0, makes no difference since 
77 vanishes mQ\D.) 

Now, Tj? is the trace of u on V relative to D while v\t is the trace of u 
on r relative to £1. Since D C CI it follows that 

rf < u X r- (4.9) 

Let {Ei} be an increasing sequence of C 2 domains such that each domain 
possesses the same properties as E and, 

E j n on = e n on = r, and D j -.= E j n n t n. (4.10) 

For each j G N and y G T, the function K DJ (-,y) is harmonic in D J , vanishes 
on SD- 7 \ {y} and K DJ (xo,y) = 1. Furthermore the sequence {if- 03 (■, y)} 
is non-decreasing. Therefore it converges uniformly in compact subsets of 
(O U T) \ {y}. The limit is the corresponding kernel function in Q, namely 
K n (-,y). (Recall that the kernel function is unique.) 
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In view of (|4,9p . the sequence {t® j } is bounded. Therefore there exists 
a subsequence, which we still denote by {r-p }, such that 

weakly relative to C(T). Combining these facts we obtain, 

Hence, by flUJ) , 

/ (-uArj + g(u)ri) dx = - (K Q [r r ]Ar/) dx. (4.11) 

Finally, as Tj?' is the trace of ti on T relative to Dj then, in view of (|4.10p . 
the limit rr is the trace of u on T relative to i.e., 

T = ^Xr- 
This relation and (|4.1ip imply (|4.6p . 

□ 

Theorem 4.7 I. Lei u be a positive supersolution of (|4.1|) in $7 and Ze£ u 

6e the largest solution dominated by u. Then, 

S{u)=S{u), K(u)=K(u). (4.12) 

Both u and u possess a trace on lZ(u) and the two traces are equal. 

II. Let u be a positive subsolution of ()4.ip in VL and let u be the smallest 
solution which dominates u. If u is dominated by a solution w of (14. ip then 
both u and u possess a trace on 1Z(vj) (which is contained in TZ(u)) and the 
two traces are equal on this set. 

In particular, if TZ(w) = TZ(u) then (I4.12p . with u replaced by u, holds 
and both u and u possess a trace on IZ(u), the two traces being equal. 

III. Let v denote the trace of u on TZ(u). Then, for every compact set 

f c n{u), 

[ (-uA V + g(u)r,) d J- ~ £ W^'M dx > U ^solution, ^ 
Jn I < — J n (K[z^Xf] An) dx, u subsolution 

for every n 6 X(£l), n > 0, such that suppn D dil C F. 
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Proof. Part I. is a consequence of Corollary 14.41 1. 

The first assertion in II. follows from Corollary 14.41 II. with A = 1Z(w). 
The second assertion in II. is an immediate consequence of the first. 

By Theorem 14.61 u (resp. u) satisfy (|4.6j> . where v is the trace of u (resp. 
u) on TZ(u). Since v is also the trace of u on lZ(u) we obtain statement III. 

□ 

Theorem 4.8 Assume that g £ Q satisfies the Keller- Osserman condition, 
(i) Let u be a positive solution of (I4.ip and let {£l n } be a Lipschitz exhaustion 
o/fL If y £ S(u) then, for every nonnegative Z £ C(O) such that Z(y) ^ 



lim / Zuduj n = oo. (4-14) 
J 9n n 

(ii) Let u be a positive supersolution of (14.11) and let {Q n } be a C 1 exhaustion 
of Q. If y £ S(u) then (|4.14p holds for every nonnegative Z £ C(£l) such 
that Z(y) / 0. 

The proof of satement (i) is essentially the same as for the corresponding 
result in smooth domains |25^ Lemma 2.8] and therefore will be omitted. In 
fact the assumption that g satisfies the Keller-Osserman condition implies 
that the set of conditions II in |25} Lemma 2.8] is satisfied. Here too, the 
Keller-Osserman condition can be replaced by the weaker set of conditions 
II in the same way as in [25] . 

Part (ii) is a consequence of Theorem 14.71 and statement (i) . 

□ 

Definition 4.9 Let g £ Q. Let u be a positive solution of (I4.1h with regular 
boundary set TZ(u) and singular boundary set S(u). The Radon measure v 
in TZ(u) associated with u as in Theorem \4-6\ is called the regular part of the 
trace of u. The couple (v,S(u)) is called the boundary trace of u on dQ. 
This trace is also represented by the (possibly unbounded) Borel measure v 
given by 

HE)= Um, >IECK(U) 
loo, otherwise. 

The boundary trace of u in the sense of this definition will be denoted by 
tr sn n. 
Let 

V v := sup{-u„ XF : F C H(u), F compact} (4-16) 

where u VXp denotes the solution of (|3.7p with fx = v\f- Then V v is called 
the semi-regular component of u. 
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Remark. Let r be a Radon measure on a relatively open set A C dQ. 
Suppose that for every compact set F C A, u TXp is denned. If V T is defined 
as above, it need not be a solution of (|4.ip or even be finite. However, if g 
satisfies the Keller-Osserman condition or if u TX is dominated by a solution 
w, independent of F, then V T is a solution. 

Definition 4.10 A compact set F C d£l is removable relative to (|4.ip if 
the only non-negative solution u G C(£l\ F) which vanishes on £l\F is the 
trivial solution u = 0. 

Remark. In the case of power nonlinearities in smooth domains there exists 
a complete characterization of removable sets (see |24j and the references 
therein). In a later section we shall derive such a characterization for a 
family of Lipschitz domains. 

Lemma 4.11 Let g G Q and assume that g satisfies the Keller-Osserman 
condition. Let F C d£l be a compact set and denote by Up the class of 
solutions u of (|4.1I) which satisfy the condition, 



Furthermore, S(Up) =: F' C F; F' need not be equal to F. 

The proof is standard and will be omitted. 

Definition 4.12 Up is called the maximal solution associated with F. The 
set F' = S(Up) is called the g-kernel of F and denoted by k g {F). 

Note. The situation S(Up) C F occurs if and only if there exists a closed 
set F' C F such that F \ F' is a non-empty removable set. In this case 
Up = U F ,. 

Lemma 4.13 Let F\,F^ be two compact subsets of d£l. Then, 



u e C(fl\F), u = ondn\F. 



(4.17) 



Then there exists a function Up €Uf such that 



u < Up Vu G Up. 




(4.18) 



and 



Uf 1 uf 2 < Up 1 + Up 2 . 



(4.19) 
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If F is a compact subset of d£l and {N k } is a decreasing sequence of 
relatively open neighborhoods of F such that N k+ i C N k and CiN k = F then 

U Rk - U F (4.20) 

uniformly in compact subsets of Vt. 

Proof. The first statement is an immediate consequence of the definition of 
maximal solution. 

Next we verify (|4.2U|) . By (|4.18|) the sequence {U^ } decreases and 
therefore it converges to a solution U. Clearly U has trace zero outside F 
so that U < Uf On the other hand, for every k, Ufj k >Uf- Hence U = Uf 

We turn to the verification of (|4.19p . Let it be a positive solution of (|5.ip 
which vanishes on dO, \ (Fx UF2). We shall show that there exists solutions 
u\ , U2 of (|5.ip such that 

m = on dn\Fi, u<ui + u 2 . (4.21) 

First we prove this statement in the case where F± n F 2 = 0. Let E\, E2 be 
C 1 domains such that E 1 nE 2 = 9 and Fj C EiHdD,, (i=l,2). Let {fi n } be a 
Lipschitz exhaustion of Q and put A n ^ = dQ n f\Ei, (i=l,2). Let v n i be the 
solution of (|5.ip in Q n with boundary data uxa„ t and v n be the solution in 
0, n with boundary data u(l — \a u x ua 2 )- Then 

It < + Vn,l + «n,2- 

By taking a subsequence if necessary we may assume that the sequences 
{v n }, {fn,i}, {v n ,2\ converge. Then limu n> j = t/j where C/j vanishes on 
dQ \ Ei, (i=l,2). In addition, as the trace of u on d£l \ (Fx U F2) is zero, we 
have limv n = 0. Thus 

u < V x + ^2- 

Now take decreasing sequences of C 1 domains {E^i}, {E k ^} such that 

#m n E kt2 = 0, f< c E kyi n an, s^nani*} 1 = 1,2. 

Construct U k> i corresponding to E k> i in the same way that U% corresponds 
to Ei. Then, 

u < U k ,x + U k ,2 
and, by (|4.20p . taking a subsequence if necessary, 

Ui := lim U k ,i = on dQ \F{ , i = 1, 2. 
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This proves (|4,2ip in the case where F\,F 2 are disjoint. 

In the general case, let {Nj} be a decreasing sequence of relatively open 
neighborhoods of F\ n F2 such that 

Nj+idNj, nN j = F 1 nF 2 . 

Put Fj 2 = F2 \ Nj. Let {Mj} be a decreasing sequence of relatively open 
neighborhoods of iq such that 

M j+1 C Mj, DMj = Fx, Mj n F' j 2 = 0. 

Puti^:=% 

Let Vj be the largest solution dominated by u and vanishing on the 
complement of F'- 1 U F'- 2 : 

dn \ (F' jA U F' j>2 ) = dn \ ((Fx U F 2 ) \ (Nj \ Mj)) 
= (dn\(F 1 UF 2 ))U(N j \M j ). 

Furthermore, (u — t^v 3 -\M 3 -)+ ^ s a subsolution which is dominated by u and 
vanishes on the complement of F'- 1 U F'- 2 . Therefore Vj satisfies 

u> Vj > (u-U R .\ M .) + , 

which implies, 

0<u-Vj< U NAMj < U Rj . 
By (|4.20p . Uff I UF 1 nF 2 - Taking a converging subsequence Vj i -rnwe obtain 

< u — v < Uf 1 c\F 2 - 

By the previous part of the proof there exist solutions Vj i, Vj j2 , whose 
boundary trace is supported in F'j X and Fj 2 respectively, such that 

Vj < Vj t \ + Vj i2 . 

Taking a subsequence we may assume convergence of {vj t i} and {^,2}- Then 
Ui = lim Vj t i has boundary trace supported in Fj. Finally, 

U < V + UF ir ,F 2 < ui + u 2 + UF 1 nF 2 

and tr an «i is supported in F\ while tr en (ti 2 + Up^F^ is supported in F 2 . 
Since u — u\ is a subsolution dominated by the supersolution U2 + Uf 1 ciF 2 
there exists a solution w 2 between them and we obtain 

U < U\ + w 2 
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where tr d nW2 is supported in F 2 . 

□ 

The next theorem deals with some aspects of the generalized boundary 
value problem: 

-Au + q o u = 0, u > in Q, 

(4.22) 

tr sn = (y,F), 

where F C dO, is a compact set and v is a (non-negative) Radon measure 
on dn \ F. 

Theorem 4.14 Let g £ Q and assume that g is convex and satisfies the 
Keller- Osserman condition. 

Existence. The following set of conditions is necessary and sufficient for 
existence of a solution u of (|4.22|) ; 

(i) For every compact set E C dVt \ F, the problem 

— Ait + g(u) =0 in O, u = v\e on dVt, (4.23) 

possesses a solution. 

(ii) If k g {F) = F', then F\F' C S{V U ). 

When this holds, 

V u <u<V u + U F . (4.24) 

Furthermore if F is a removable set then (|4.22p possesses exactly one solu- 
tion. 

Uniqueness. Given a compact set F C dVt, assume that 

Ue is the unique solution with trace (0,k g (E)) (4.25) 

for every compact E C F. Under this assumption: 

(a) If u is a solution of (I4.22p then 

max(K, U F )<u<V u + U F . (4.26) 

(b) Equation (I5.ip possesses at most one solution satisfying (I4.26p . 

(c) Condition ()4.25p is necessary and sufficient in order that (|4,22p posses 
at most one solution. 

MONOTONICITY. 

(d) Letui,U2 be two positive solutions of (14. ip with boundary traces (^1,^1) 
and (1^2, F2) respectively. Suppose that Fi C F2 and that v\ < V2Xf x ='■ v' 2 . 
If (I4T231) holds for F = F 2 then u 1 <u 2 . 
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Proof. First assume that there exists a solution u of (|4.22[) . By Theorem l4.6l 
condition (i) holds. Consequently V u is well defined by (|4,16p . 

Since V u < u the function w := u — V u is a subsolution of (|4.ip . Indeed, 
as g is convex and g(0) =0 we have 

g(a) + g(b) < g{a + b) Va,6el+. (4.27) 

Therefore 

= -Aw + (g(u) - g(V u ) > -Aw + g(w). 

By Theorem 14. 3( as g satisfies the Keller-Osserman condition, there exists a 
solution w of (|4.ip which is the smallest solution dominating w. 

By Theorem 14.71 the traces of w and w are equal on A = lZ(u) C lZ(w). 
Clearly the trace of w on TZ(u) is zero. The definitions of V v and w imply, 

max(K, w) <u<V u + w. (4.28) 

Therefore 

S(w)US(V„) =S(u). 

In addition, as w has trace zero in d£l \ F, it follows, by the definition of the 
maximal function, that 

w < Uf and consequently S(w) C k g (F). 

These observations imply that condition (ii) must hold. Inequality (|4.24j) 
follows from (|4.28j) and this inequality implies that if F is a removable set 
then (|4.22p possesses exactly one solution. 

Now we assume that conditions (i) and (ii) hold and prove existence of 
a solution. The function V v is well defined and V v + Up is a supersolution of 
(|4.ip whose boundary trace is (v, F). Therefore, by Theorem 14. 71 the largest 
solution dominated by it has the same boundary trace, i.e. solves (|4.22p . 

Next assume that condition (|4.25p is satisfied. It is obvious that (|4.25p is 
necessary for uniqueness. In addition, (j4.25j) implies that Uf < u and conse- 
quently (|4.24p implies (|4.26[) . It is also clear that (b) implies the sufficiency 
part of (c). 

Therefore it remains to prove statements (b) and (d). Let u be the 
smallest solution dominating the subsolution m&x(V u , Uf) and let v be the 
largest solution dominated by V v + Uf ■ 

To establish (b) we must show that u = v. By (|4.26|> v — u < V u . In 
addition the subsolution v — u has trace zero on <9S1 \ F. Therefore 

v -u<mm(V u ,U F ). (4.29) 
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Let {Nk} be a decreasing sequence of open sets converging to F such 
that N k +i (£ N k . Assuming for a moment that v is a finite measure, the 
trace of V v on N k is Vk '■= v\N k and it tends to zero as k — > oo. Therefore, 
in this case, 

mm(V u ,U F ) <V Uk ^0 

and hence u = v. Of course this also implies uniqueness (statement (c)) in 
the case where v is a finite measure. 

In the general case we argue as follows. Let Vk be the unique solution with 
boundary trace (v' k ,N k ) where v' k = v(\ — Xff k )- By taking a subsequence if 
necessary, we may assume that {v^ converges to a solution v' . By ([4.26ft . 

max(V^, Ufi k ) <v k < + U^ k 

and, by the previous part of the proof, v k is the largest solution dominated 
by V v i + Ufq k . We claim that if w is a solution of (|5.ip then 

V v <w <V V + Uf ==>■ w <V v i + Ufij . (4.30) 

k ft 

Indeed, 

w < V U +U F ^w< V v > k +V Vk +U F ^w< V^+U^+Up ^w< V Uk +2U Nk . 



Thus 

which implies 



0<w-V u > k < 2U Nk 



w-VJ < U Sk , 



because any solution (or subsolution) dominated by 2Uft is also dominated 
by Ujf k . 

Hence v k > v and consequently v' > v. 

By (14201) Uk, u I U F and by definition V v > \ V v . Therefore 

ft k 

max(K, U F ) <v'<V u + U F . 

Since v is the largest solution dominated by V v + Up and v < v ' it follows 
that v = v' . 

Let Uk be the unique solution with boundary trace (u' k , k g (F)). By (|4.26[) . 

max(V^, U kg ( F )) < u k < V v < k + U kg{F ). 

Since u k < u and {u k } increases (because {V^} increases) it follows that 
v! = \\mu k < u. Furthermore, 



max(K, U kgiF )) <u' <V V + U kg 
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If (|4.22p possesses a solution then condition (ii) holds. Therefore for any 
solution w of (|5.ip 

max(V J/ , U kg (p)) < ^ =^ max(V^, Uf) < w. 

Hence max(V^, Uf) < u' and, as u' < u we conclude that u' = u. 
Finally, for every e > 0, 

(1 - e)V v > k +eU kg ( F ) < u k 

and consequently 

Vk ~ u k < V v ' k + Ufj k - ((1 - e)V v > k + eU kg ( F ))) = 

UR k " (1 " t)U kg (F) + tV u , k < f/ w +U F -(1- e)U kg{F) + eV^ < 

e{U F + V u 0^e(U F + V v ). 

This implies Uk = Vk and hence u = v. This establishes statement (b) and 
hence the sufficiency in (c). 

Finally we establish monotonicity. Let Vi be the unique solution of (|5.ip 
with boundary trace (vi,Fi), (i=l,2). Then Vi is the largest solution domi- 
nated by V Vi + Up i (i=l,2). The argument used in proving (|4.30p yields 

V VI < w < V V1 +U Fl ^w< V U2 + U F2 . (4.31) 

This implies v\ <V2- 

□ 

5 Equation with power nonlinearity in a Lipschitz 
domain 

In this section we study the trace problem and the associated boundary 
value problem for equation 

- /\u + \u\ q ~ 1 u = (5.1) 

in a Lipschitz bounded domain Vt and q > 1. The main difference between 
the smooth cases and the Lipschitz case is the fact that the notion of critical 
exponent is pointwise. If G is any domain in M. N we denote 

U{G) := { the set of solutions ([O) in G} . (5.2) 

and U + (G) = {u £ U{G) : u > in G}. Notice that any solution is at 
least C 3 in G and any positive solution is C°°. The next result is proved 
separately by Keller [19J and Osserman [29|. 
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Proposition 5.1 Let q > 1, Q, C M. N be any domain and u >G C(Q) be a 
weak solution of 

-Au + Au q <B in Q. (5.3) 

for some A > and B > 0. T/ien t/iere exis£ Ci(N,q) > (i = 1,2) such 
that 

( 1 X 2 ^" 1 ) /iA 1 /" 

u(x) < Ci -= + C 2 -r VxGO. (5.4) 

For a solution of (|5.ip in Q which vanishes on the boundary except at one 
point, we have a more precise estimate. 

Proposition 5.2 Let q > 1, Q C 6e a bounded Lipschitz domain, y G 
9f2 and it G £/ + (Q) is continuous in r2\{y}) and vanishes on dQ\{y}. Then 
there exists Cs(N,q,Q) > and a G (0, 1] such that 

u(x) < C 3 (dist(x,dQ)) a \x-y\- 2/( - q - l) - a ViGfi. (5.5) 

Furthermore a = 1 if ft is a W 2,s domain with s > N. 

Proof. By translation we can assume that y = 0. Let u be the extension of 
u + by zero outside Q \ {0}. Then it is a subsolution of (|5.ip in M. N \ {0} (see 
03] e.g.). Thus 

U(x) < Cl\x\- 2/{q - 1] Vx^O, 

and, with the same estimate for U-, we derive 

\u(x)\ < Cilxr 2 /^ 1 ) ViGfi. (5.6) 

Next we define the transformation Tfc (A; > 0) by Tk[u](x) = k~ 2 /( q ~ 1 ' > u(k~ 1 x), 
valid for any x G fifc = kQ. Then Uk '■= Tk[u] satisfies the same equation as 
u in Slfc, is continuous in \ {0} and vanishes on dVt^ \ {0}. Then 



(x) < d\x\- 2 ^ q -V Vx G 



thus, by elliptic equation theory in uniformly Lipschitz domains, (which is 
the case if k > 1) 

\\ u k\\c«(n k n(B r/4 \B 5/4 )) < C||«*IL<»(n fc n(B2\Bi)) = c * 
This implies 

\u{k- l x')-u(k- l z')\ < C 2 k- 2/{q - l) ~ a \x'-z'\ a V{x,z) G H fc xfi fc : 5/4 < \x'\,\z'\ < 7/4. 
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Let (x,z) in f2 x fl close enough to 0. First, if 5/7 < |x|/|z| < 7/5 there 
exists k > 1 such that 5/4 < |/cz| < 7/4. Then 

Kz) - u(*)| < C 3 \x\- 2 K q - 1) - a \x - z\ a . 

If we take in particular x such that z = Projg^(x) satisfies the above re- 
striction, we derive 

u{x) < C 3 \x\- 2 /( q -V- a (dist (x, dn)) a . 

Because f2 is Lipschitz, it is easy to see that there exists j3 G (0, 1/2) such 
that whenever dist (x, d£l) = \x — Proj 9 Q(x)| < /3\x\, there holds 

5/7<|x|/|Proj 9Q (x)|<7/5. 

Next we suppose \x — Projg^(x)| > (3\x\. Then, by the Keller-Osserman 
estimate, 

u{x) < C\x\- 2 t q -^- a \x\ a < Cpr a \A~ Vq ~ 1) ~ a \ x ~ ProjojWr , 

which is (|5.5p . If we assume that dQ is W 2 ' s , with s > N, then we can 
perform a change VF 2 ' S of coordinates near with transforms dCl Pi -Br(O) 
into IR+ n Br(Q) and the equation into 

"E^:( Oi ^) +l " |9 " lfi = ' n^(0)\{0}, (5.7) 

where the ajj are the partial derivatives of the coordinates and thus belong 
to W 1,s {B R y By developping, u satisfies 

Notice that, since s > N, the ajj are continuous while the 6j are in L s . The 
same regularity holds uniformly for the rescaled form of u& := T^u]. By 
the Agmon-Douglis-Nirenberg estimates Uk belongs to W 2 ' s . Since s > N, 
u satisfies an uniform C 1 estimates, which implies that we can take a = 1. 
□ 
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5.1 Analysis in a cone 

The removability question for solutions of (|5.ip near the vertex of a cone 
has been studied in [11 j . and we recall this result below. 

If we look for separable solutions of (|5.1|) under the form u(x) = u(r, a) = 
r^uj(a), where (r, a) £ M + x S N ~ l are the spherical coordinates, one finds 
immediately (3 = — 2/(g— 1) and w is a solution of 

- A'lu - \ Nq u; + \lu\ c >~ 1 uj = (5.8) 

on S"^ -1 with 



Thus, a solution of (|5.ip in the cone C s = {(r, <r) : r > 0, a G S C 5 }, 
vanishing on dC s \ {0}, has the form u(r,a) = r~ 2 ^ q ~ l ^uj{o~) if and only if 
u is a solution of (|5.8I) in S which vanishes on OS. The next result [114 Prop 
2.1] gives the the structure of the set of positive solutions of (|5.8p . 



Proposition 5.3 Let X s be the first eigenvalue of the Laplace- Beltrami op- 
erator —A' in Wq ,2 {S). Then 

(i) If A s > \ N q there exists no solution to A5.8\) vanishing on dS. 

(ii) If A s < A^^ there exists a unique positive solution uj = lv s to \5. 8\) 
vanishing on dS. Furthermore S C S' ==^ to s < uj ,. 

The following is a consequence of Proposition 15.31 

Proposition 5.4 |1 1 j Assume f2 a bounded domain with a purely conical 
part with vertex 0, that is 

O n B ro (0) = C s n B ro (o) = {x e n^ ro (o) \ {0} : x/ |x| e S} u {0} 

and that dQ \ {0} is smooth. Then, if X s > X Nq , any solution u £ U(Q) 
which is continuous in Q, \ {0} and vanishes on d£l \ {0} is identically 0. 

Remark. If S C S*^™ 1 is a domain and A s the first eigenvalue of the Laplace- 
Beltrami operator —A' in Wq' 2 (S) we denote by a s and a s the positive root 
and the absolute value of the negative root respectively, of the equation 

X 2 + (N - 2)X - A s = 0. 

Thus 



1 

2 

; A' -2 + v /VV-2)^. IA, 



2-N+ \/ (N - 2) 2 + 4\ £ 

(5.10) 
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It is straightforward that 



Ac, > A„ _ <^=^ a a > 



(5.12) 



S — "N,q — _ 2 ' 

and, in case of equality, the exponent q = q s satisfies q s = l + 2/a s . 

In subsection 6.2 we compute the Martin kernel K and the first eigen- 
function p of — A for cones with ^-dimensional edge. In particular, if k = 
and Cs is the cone with vertex at the origin and 'opening' S C S"^ -1 , we 
have 

K Cs (x,0) = \x\~ as u s (a), p(x) = \x\ &s uj s (a). (5.11) 

Combining the removability result with the admissibility condition The- 
orem 13.81 we obtain the following. 

Theorem 5.5 The problem 

-Au + \u\ q ~ 1 u = inC s , 
u 6 C(Cs \ {0}), u = ondC s \{0} 

possesses a non-trivial solution if and only if 

l<q<q s = l + 2/a s . 

Under this condition the following statements hold. 

(a) For every k ^ there exists a unique solution V/. of (|5.ip with boundary 
trace k5o. In addition we have 

v k/ v i( x ) —> k uniformly as x —* 0. (5.13) 

(b) Equation (|5.ip possesses a unique solution U in Cs such that S(U) = {0} 
and its trace on dC$ \ {0} is zero. This solution satisfies 

\x\t=iU(x) = U(x/\x\) = oj s (x/\x\) (5.14) 

and 



U = Voo := lim v^. (5.15) 



Proof, (a) By ([5TTTJ) . 



f K q {x,0)p{x)dx < C [ i 

JCsDB! JO 



r a s -q as +N-l dr < x 

'c s nBi 



since 

a s — qa s + N — 1 = 1 — (q — l)a s > —1. 
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Thus q is admissible for fl Bi at 0. By Theorem 13. 8\ for every k G M, 
there exists a unique solution of (|5.ip with boundary trace Mo- 

Observe that, for every a,j > 0, vj(x) := (ax) is a solution 

of (|5.ip in C5. This solution has boundary trace Mo where k = 
Because of uniqueness, Uj = 1^. Thus 

Ufc ( x ) = aWi-Vvjiax), k = a 2 '^j. (5.16) 

This implies (|5. 13|) . 

(b) Let w be a solution in Cs such that <S(u;) = {0} and its trace on dCs\{0} 
is zero. We claim that 

w > Voo := limk — > 001^. (5-17) 
Indeed, for every S" <s 5, A; > 0, 

/ w du! a — > 00, limsup / Vkdu) a < 00 as a — ► 

Ja5' JaS' 

where doj a denotes the harmonic measure for a bounded Lipschitz domain 
Q a such that aS' C dil a and f2 a j C5. Therefore, using the classical Harnack 
inequality up to the boundary, w/vk — * 00 as \x\ — > in C5/. In addition, 
either by Hopf's maximum principle (if S is smooth) or by the boundary 
Harnack principle (if S is merely Lipschitz), 

c~ l v\ < w < cv\ in Cs\s'- 

This inequality together with (|5.16p yields, 

c~ 1 v k < w < cv k in C S \ S , 

with c independent of k. Therefore c~ 1 vu < w in Cs- If 1/c > fc/cj > 1 
then < Vk < cw and consequently Vj < w. Here we used the fact that 
jfj is a subsolution with boundary trace k8o. 

Let Z/o be the maximal solution with trace on dCs \ {0} and singular 
boundary point at 0. Then 

U (x) = a 2/{q - l) U {ax) Va > 0, x G C s , 

because a?^ q ~ 1 ' ) UQ(ax) is again a solution which dominates every solution 
with trace on dCs \ {0} and singular boundary point at 0. Hence, 

U (x) = \x\- 2 /^U (x/\x\) = \x\- 2 /^oj s {x/\x\). (5.18) 
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The second equality follows from the uniqueness part in Proposition 15.31 
since the function x — ► Uq(x/\x\) is continuous in S and vanishes on dS. 

Inequality (|5.17p implies that Vqq is the minimal positive solution such 
that S{w) = {0} and its trace on dCs \ {0} is zero. Using this fact we prove 
in the same way that satisfies 

^oo(x) = \x\- 2 /^ Voo (x/\x\) = \ X \- 2 ^-Vu S (x/\x\). 

This implies (|5.15p and the uniqueness in statement (b). 

□ 

In the next theorem we describe the precise asymptotic behavior of so- 
lutions in a conical domain with mass concentrated at the vertex. 

Theorem 5.6 Let C s be a cone with vertex and opening S C S N ~ l and 
assume that l<q<q s = l + 2/a s . Denote by 4> s the first eigenfunction of 
—A' in Wq' 2 (S) normalized by max</> s = 1. Then the function 

$ s = x~ a scp s (x/\x\), 

with a s as in (|5.10p . is harmonic in Cs and vanishes on dC$ \ {0}. Thus 
there exists 7 > such that the boundary trace of $5 is the measure jSq. 
Put $ a := i$ 5 - 

Let ro > and denote Us = Cs H B ro (0). For every k GR, let ut be the 
unique solution of (15. lj) in U with boundary trace k5o- Then 

« fc (a;) = Jb* 1 (aj)(l + o(l)) as x -» 0. (5.19) 

If Vk is the unique solution of (|5.ip in Cs with boundary trace kSo then 

Uk/vk^l and V)-/(k$i) — ► 1 as x — > 0. (5.20) 

The function Uoq = lim^oo Uf. is the unique positive solution of (|5.1|) in Us 
which vanishes on dUs \ {0} and is strongly singular at (i.e., belongs to 
its singular set). Its asymptotic behavior at is given by, 

Uoo(x) = \x\~«=ius(x/\x\)(l +o(l)) as x -> 0. (5.21) 

Proof. Step 1: Construction of a fundamental solution. Put 

<&{x) = \x\~ a s <j) s (x/\x\), §{x) = \xfs (j) s (x/\x\) (5.22) 

with a s , a s as in (|5.10p . Then <I> and $ are harmonic in C s , $ vanishes on 
dC s \ {0} and <!> vanishes on dC s . Furthermore, since q < 1 + 2/a s , 

/ & q pdx < 00. 

ic s nSi(o) 
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Therefore the boundary trace of $ is a bounded measure concentrated at 
the vertex of Cs, which means that the trace is 7<5o for some 7 > 0. (Here 
5o denotes the Dirac measure on dCs concentrated at the origin.) 
The function 

\&(a?) = -($(x) - rQ S ~ as &(x)) 

is harmonic and positive in Q s and vanishes on d£l s \ {0}. Its boundary 
trace is 5q. 



Step 2: Weakly singular behaviour. By Theorem 13.81 . for any k > 0, there 
exists a unique function S L q p (Q s ) with trace k5o and by (|3.8p 

u k (x) = k^(x) -G[\u k \ g ]. (5.23) 

Since \x\ a s u k is bounded, we set 

v(t,a) = r a suk{r,a), t = — lnr. 

Then v satisfies 

v tt + (2a s + 2 - N)vt + X s v + A'v- e {a s (9- 1 )- 2 )* \v\i~ 1 v = (5.24) 

in Dsfy '■= [to, 00) x S (with to := — In ro) and vanishes on [to, 00) x dS. Since 
< Uk(x) < /^(x), v is uniformly bounded, and, since a s (q — 1) — 2 < 0, 
v(t, .) is uniformly bounded in C a (S) for some a £ (0, 1). Furthermore, 
V'i>(i, .) (by definition V' is the covariant gradient on S N ~~ 1 ) is bounded in 
L 2 (5), independently of t. Set 

y(t) = [ v(t,a)<l> s dV(o-), F(t) = [ {\v\ q ~ l v){% a)<f> s dV(a). 
Js Js 

From (pT2"3]) . it follows 

A ( e (2a s +2-JV)y\ = e ((Q+i)* s -N)t F ^ 
dt V / 

where cfV is the volume measure on S^ -1 . By (|fTT0jh 7 := 2a s + 2-iV > 0, 
then ^ 

y '(t) = e -f(*-*°y(* ) + e -7 * / e« 9+1 K- JV ) s F(s)ds, 

and 



to 



|y'(i)| < cie"^"* ) + cae^s^- 1 )- 2 )*. 
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This implies that there exists k* £ M + such that 



lim y(t) = k* . 



(5.25) 



Next we use the fact that the following Hilbertian decomposition holds 

L\S) = ®f =1 ker{-A' - X k I) 

where A& is the fc-th eigenvalue of —A' in Wg' 2 (S) (and A s = Ai). Let v 
and F be the projections of v and v onto ker(— A' — Xgl)^. Since 

v tt + (2a s + 2 - N)v t + X s v + A'v- e {a s i^-^p = o (5.26) 

we obtain, by multiplying by w and integrating on S, 

V" + (2a s + 2- N)V' - (A 2 - \ S )V + eM*" 1 )" 2 )** > 0, 



where V(t) = \\v(t, -)llx 2 (S) anc ^ ^K*) = ^(*> ■) ■ The associated o.d.e. 

z" + (2a s + 2 - iV)^ - (A 2 - X s )z + e K(9-i)-2)t$ = , 
admits solutions under the form 

z(t) = ai e-^ + a 2 e^ 2t + d(t)e^s^- 2 ^ 
where —fix and \ii are respectively the negative and the positive roots of 
X 2 + (2a s +2- N)X - (A 2 - A s ) = 0, 

and \d(t)\ < c$ if a s (q-l)-2 / -m, or \d(t)\ < ct l <5> if a s (q-l)-2 = 
Applying the maximum principle to (|5.26p . we derive 

\\v(t, 011^(5) < ll«(*0i 011^(5) e-^««'+d(i)eK(M)-^ Vi > to- (5.27) 

By the standard elliptic regularity results in Lipschitz domains [13] , we 
obtain from (|5.27j) . for any t > to + 1, 



IC a (S) 



< ci ||u| 



j (a, s ( 9 -l)-2)*^> 



Ii 2 ((i-l,t+l)x5) + c 2 

for some a € (0, 1] depending of the regularity of dS. Thus 
\\v(t, .)\\ Ca(S) < ce~^ + M<*8<a-V-ty. 
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L°°((t-l,t+l)xS) 
(5.28) 



(5.29) 



Combining (|5.25p and (|5.29p we obtain that 

M° s Uk(x) — k*(j) s (x/\x\) — > as x — » (5.30) 

in C^S). Furthermore < A;* < fe. 

5"tep 5: Identification of k* . 

Let {fi n } be a Lipschitz exhaustion of £1$ and denote by uj n (resp. u>) 
the harmonic measure on d£l n (resp. dQ s ). By Proposition 13.61 

lim / Uk du> n = k. 



n^oo 



dn„ 



On the other hand, by (|5.30l) . 

Uk/(k*\x\~ as (j) s ) — > 1 as x — > 0. 



Hence 



lim / Uk.diu n = k* lim / |x| as (j) s dio n 



ra— >oo 



A;*7 lim / <3?i dw n = A;* 7. 
>dn n 



Thus 



fe = A:* 7 . (5.31) 



This and flOOD imply (157131) . 
Further, 

since $1 is harmonic in C5. Therefore ()5.19p implies (|5.20p . 

.S'tep Study when k — ► 00. By Theorem 15.51 equation (|5.ip possesses a 
unique solution U in Cs such that [/ = on dCs \ {0} and C7 has strong 
singularity at the vertex, i.e., £ <S(U). By (|5.14p and (|5.15p this solution 
satisfies 

2 

J/ = Voo '■= lim iifc = \x\ i- 1 oj s . (5.32) 

fc^oo 

Let V be the maximal solution in Qg vanishing on <9f2 s \{0}. Its extension 
by zero to Cs is a subsolution and consequently, V < U. 

Let w be the unique solution of (|5.ip in such that w = C/ on 5f2s n 
-B ro (0) and it; = on the remaining part of the boundary. Then w < U 
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so that U — w is a subsolution of (|5.ip in ^5 which vanishes on dfl s \ {0} . 
Therefore U — w < V . Thus 

U - w < V < U and U/V -► 1 as s 0. (5.33) 

Assertion 1. If u is a solution of (|5.ip in such that 

u = on \ {0} and u/U — > 1 as x — ► 

then u = V. 

By (|5.33p it/V — > 1 as x — > 0. Therefore, by a standard application of 
the maximum principle, u = V. 

Let it be an arbitrary positive solution in Q$ vanishing on d£l s \ {0}. 
Denote by u* its extension by zero to Cs- Then u* is a subsolution and, by 
Theorem 14.31 there exists a solution u of (|5.ip in C5 which is the smallest 
solution dominating u* . The solution u can be obtained from u* as follows. 
Let {r n } be a sequence decreasing to zero, n < ro, and denote 

L» n = C 5 \ J B rn (0), /i n = w*L» BB . 

Let io n be the solution of (|5.ip in D n such that w n = h n on the boundary. 
Then {w n } increases and 

u = lim7i; n . (5.34) 

If u has strong singularity at the origin then, of course, the same is true 
with respect to u and consequently, by Theorem 15.51 

u = U. (5.35) 

In the the remaining part of the proof we assume only (|5.35p and show that 
this implies u = V . 

Let z be the solution of (|5.1|) in 0,$ such that z = U on dQs H dB ro and 
on H DCs- Then u + z is a supersolution in fig. Let 

n ft = n5\s r „(o) = D n n 5^,(0). 

The trace of u + 2 on <9r2 n is given by 

_ ju on dn n ndB ro 

[ /i n + 2; on dU n \ dB ro . 

Since U = u > u* we have f n > h n . Therefore, if w n is the solution of (|5.ip 
in fi n such that u) n = / n on the boundary then 

w n < w n < u + z in Q, n . 
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Hence, by (f5T3"4"j) . 

U < u + z. 
Since z —>■ ELS X — > 0, it follows that 

lim sup U/u < 1 as x — > 0. 
Since u < V, (|5.33p implies that 

liminf U/u > 1 as x — > 0. 

Therefore £//u — » 1 as x — > and consequently, by Assertion 1, u = V . 
This proves the uniqueness stated in the last part of the theorem and (I5.33| ) 
implies ([OTP . 

□ 

Corollary 5.7 Suppose that u is a positive solution of (|5.ip in which 
vanishes on dfls \ {0} and 

sup |x| Qs -u = 00. (5.36) 
n s 

Then u = u^. 

Proof. Let u be as in (|5.34p . Since u > u it follows that 

sup |x| as, u = 00. 

By Theorem 15.51 u = U. The last part of the proof shows that u = u^. 

□ 

As a consequence of Theorem 15.61 we obtain the classification of positive 
solutions of (|5.ip in conical domains with isolated singularity located at the 
vertex. In the case of a half space such a classification was obtained in [14j . 

Theorem 5.8 Let C s be as in Theorem 15.61 Q s = C s Pi B ro (0) for some 
ro > and \ <q<q s = l + 2/a g . If u £ C(fl s \ {0}) is a positive solution 
of &5.1\) vanishing on dC s n B ro (0) \ {0}, the following alternative holds: 

Either 

(i) limsup^o M _as u(x) < 00 and thus u £ C(£l s ). 
or 

(ii) there exist k > such that \5.19\) holds 
or 

(Hi) / TOT]) holds. 
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Proof. Let u e be the solution of (|5.ip in f2 Sf = f2 s \ -B e (0) with boundary 
data u on fi s e n dB e (0) and zero on <9f2 s e \ dB e (0). Then 

< ii e < u < u t + Vx £ $7 S e , 

where Z is harmonic in f2 s , vanishes on d£l s \ dB ro (0) and coincides with 
u on C s n 9-B ro (0). Furthermore < e < e' => u e < u e / in ^ Se , • Thus u e 
converges, as e — > 0, to a solution u of (|5.ip which vanishes on d£l s \ {0} 
and satisfies 

< u(x) < u(x) < u(x) + Z(x) Vx G fi s . (5.37) 

If 

limsup|x| as u(x) < oo, (5.38) 

it follows from Theorem 15.61 -Step 2, that there exists k* > such that 

u(x) = k* \x\~ a s cj) s (x/\x\)(l + o(l)) asx^O. (5.39) 

If k* > then « satisfies (ii). If k* = 0, it is straightforward to see that, for 
any e > 0, u(x) < e|x| _Qs . Thus 

u(x) < Z{x) = c\x\ & s <j> s (x/\x\)(l + o(l)) asx^O, (5.40) 

by standard expansion of harmonic functions at 0. 
Finally, if 

limsup \x\ as u(x) = oo, (5-41) 

then, by Corollary 15.71 u = Uoo and consequently, by Theorem 15.61 u - and 
therefore u - satisfies (15.2ip . □ 

5.2 Analysis in a Lipschitz domain 

In a general Lipschitz bounded domain tangent planes have to be replaced 
by asymptotic cones, and these asymptotic cones can be inner or outer. 

Definition 5.9 Let Q, be a bounded Lipschitz domain and y £ dQ.. For 

r > 0, we denote by Cy T (resp. Cy r ) the set of all open cones C StV with 
vertex at y and smooth opening S C dB\(y) such that C s>y n B r (y) C O, 
(resp. O n B r (y) C C S}V ). Further we denote 

C y,r '■= U { Cs 'V : Cs <v e C Lr} ' C y,r '■ = f] { C S,y '■ Cs,y G C° r } (5.42) 
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and 

C v--=[J Cl y,r, Cf:=flC ( 5 ' 43 ) 

r>0 r>0 

The cone Cy (resp. Cy) is called the limiting inner cone (resp. outer cone) 
at y. Finally we denote 

S*, :=C l y , n dB x {y), S° r :=C°, n dB x {y\ 
S*:=ClndB 1 (y), S° :=C° ndB 1 (y). 

Remark. In this definition, we identify dB\(y) with the manifold S 1 . 
Notice that the following monotonicity holds 

( C 1 c C 1 

< s < r => J y ' r y f (5.45) 

^ y,s ^- y,r' 

Definition 5.10 If Cs is a cone with vertex y and opening S and if Xs is 
the first eigenvalue of —A' in Wq' 2 (S), we denote 



(^N -2 + ^J(N - 2) 2 + 4A^ , and q s = 1 + 2/a s . (5.46) 
Thus q s is the critical value for the cone Cs at its vertex. 



a„ - 
s 2 



Remark. As r \— ► Sf, _ is nondecreasing, it follows that r \ i is nonin- 

£/)' y,r 

creasing and consequently r i— > g s / is nondecreasing. It is classical that 



r — >U °y,r °y 

A similar observation holds with respect to Sy, if we interchange the 
terms 'nondecreasing' and 'nonincreasing'. In particular 

limA =A (5.48) 

r — >U ^y,r 

In view of (|5.46p we conclude that, 

limg j =q n lima =g D . (5.49) 

T — >\J °y,r °y T — >U °y,r °y 

We also need the following notation: 
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Definition 5.11 Let Q be a bounded Lipschitz domain. For every compact 
set E C dVt denote, 

q* E = lim inf \ q s i : z G dU, dist (z, E) < r > , (5.50) 
If E is a singleton, say {y}, we replace q* E by q*. 

Remark. For a cone Cs with vertex y, q* < q$- However if Cs is contained 
in a half space then q* = q$. On the other hand, if Cs strictly contains a 
half space then q* < qs- 

If f2 is the complement of a bounded convex domain then, for every 
y G dn, 

q* y = (N + l)/(N-l) (5.51) 

Indeed q c>y > (N +l)/(N — 1). But for Hjv-i-a.e. point y G <9S1 there exists 
a tangent plane and consequently q c>y = (N + 1)/(N — 1). This readily 
implies (j5.51j) . 

Since fi is Lipschitz, there exists > such that, for every r G (0, rn) 
and every z G <9f2, there exists a cone C with vertex at z such that C n 
B r {z) C 0. Denote 

a(r,y) := inf jg s ^ : z G 9fin5 r (y)J Vr G (0,m), y G (90. 

Then, 

: = liminf{a(r,y) : y G E 1 } 

(5.52) 

< inf {lim air, y) : y G E 1 } = inf {q* : y G £1. 

r— >0 

Indeed, the monotonicity of the function r i— > g 7 (for each fixed y G 
implies 

q* = lim a(r, y) = sup a(r,y). (5.53) 
r-»0 0<r<m 

As 

q* E = lim inf {a(r, y) : y G £7} 

inequality (|5.52|) follows immediately from (|5.53p . 

Finally we observe that, if E is a compact subset of <9f2 then 

(E) r := {z£dn: dist (z, E) < r} g* B)r f 9b as r { 0. (5.54) 

In order to deal with boundary value problems in a general Lipschitz 
domain we must study the question of q-admissibility of 6 y , y G dQ. This 
question is addressed in the following: 
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Theorem 5.12 If y G dQ and l<q<q I :=\ + 2/a I then 

Sy Sy 

K^,y )l>{x)dx «x>. (5.55) 



/ 



Furthermore, if E is a compact subset of d£l and 1 < q < q* E then, there 
exists M > such that, 

/ K g (x,y)p(x)dx < M My G £. (5.56) 
./n 

Proof. We recall some sharp estimates of the Poisson kernel due to Bogdan 
[3]. Set k = l/2(s/l + K 2 ), where K is the Lipschitz constant of the domain, 
seen locally as the graph of a function from IR-^ -1 into M. Let xq G O and 
set 4>(x) := G(x,xq). Then there exists c\ > such that for any y G <9$7 and 
iGS! satisfying |x — y\ < ro, there holds 

crl IH |x - * |2 ~" - y) - Cl m lx ~ y? ~ N ' (5 - 57) 

for any £ such that B K \ x _ y \(£ i ) cilfl B\ x _ y \(y). This implies 

° 2 '^w lx " y|(2_A ° 9 - K9{x > y)p{x) * C2 ^w lx - yl(2 ' N)9 (5 - 58) 

for some C2 since <f> and p are comparable in B ro {y), uniformly with respect 
to y (provided we have chosen ro < dist (xq, <9S7)/2. Let C s ^ y be a smooth 
cone with vertex at y and opening S := C S)V n dB\(y), such that C Si2/ Pi 
dB ro (y) C il. We can impose to the point £ in inequality (|5.57p to be such 
that £/|£| := Ho G 5, or, equivalently, such that |£ — j/| < 7dist (£, <9S7) for 
some 7 > 1 independent of £, |x — y| and y. Then, by Carleson estimate [21 
Lemma 2.4] and Harnack inequality, there exists C5 independent of y such 
that there holds 

for all x G D i? ro (y) and all £ as above. Consequently, (|5.58p yields to 

K q (x,y)p(x) < c 4 ^- q (0\x-y\ i2 ~ N)q . (5.60) 
There exists a separable harmonic function v in C S]3/ under the form 

v(z) = \z - y\ a s +2 - N <t> s ((z - y)/\z - y\) 
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where 4> s is the first eigenfunction of — A' in Wq' 2 (S) normalized by max <p s = 
1, A s the corresponding eigenvalue and a s is given by (|5,10p . By the maxi- 
mum principle, 

v(z) < c^{z) VzeC SiV nB ro (y). (5.61) 
Therefore there exists cq > such that 

H0>c6\C-y\ as+2 - N ■ (5.62) 

Because \x — y\ > |£ — y\ > k \x — y\ /2, from the choice of £, it follows 

K«(x,y)p(x) < , {q Z )a8+N -2 VxG^ni? r() (y). (5.63) 

Clearly, if we choose q such that 1 < q < q t := 1 + 2/a 7 , then q < 

Sy Sy 

1 + 2/ a j for some r small enough and we can take Cs,y = Cl T . Thus 
(|535j) follows. 

We turn to the proof of (|5.56p . To simplify the notation we assume that 
q < qg Q . The argument is the same in the case q < q* E . 

If we assume q < lim^o inf{<7 l : z G dfl} , then for e > small enough, 

there exists r t > such that 

< r < r e => 1 < q < inf{q I : z £ <9f2} - e VO < r < r e . 

Notice that the shape of the cone may vary, but, since d£l is Lipschitz there 
exists a fixed relatively open subdomain S* C dB\ such that for any y G dQ,, 
there exists an isometry 1Z y of with the property that 1Z y (S ) C S^ r 
for all < r < r e . Here we use the fact that r i— > Sy r is increasing when r 
decreases. If we take £ such that £/|£| = Ho G lZ y (S*), then the constants 
in Bogdan estimate (|5.57p and Carleson inequality (|5.59p are independent 
of y G dQ if we replace tq by inf{r e ,ro}. Hereafter we shall assume that 
fe < ^o- Set 

Vs (t) = \t-y\ a s+2-"^(t-y)/\t-y\) 

with S" = 5^ re . Then v s is well defined in the cone Cs, y with vertex y and 
opening S. Let 

S cr , e :={t£fi: dist (t, dtt) = cr e }. 

Because dQ is Lipschitz, we can choose < c < 1 such that Cs, y H S cr . e C 
B Te {z). Then we can compare vs and <p on the set S cr£ . It follows by 
maximum principle that estimate (|5.6ip is still valid with a constant may 
depend on r t , but not on y. Because 

min 6 , > c« 

n y (s*) s i,r e 
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where cs is independent of y, (|5.62p holds under the form 

a T +2-N 

HO > c 6 |e - y\ s ^ , (5.64) 

where, we recall it, £ satisfies £/|£| € lZ y (S*), and is associated to any 
x £ B re (y) n fl by the property that B K \ x _ y \(£) C B\ x -y\(y) n fl, and thus 
| a! — y\ > |C ~~ 2/1 > K l x ~~ 2/1 /2- Then (|5.63p holds uniformly with respect to 
y, with ro replaced by r e . This implies (|5.56p . □ 



The next proposition partially complements Theorem 15.121 
Proposition 5.13 Let y 6 Sfi and q > q Q . Then any solution of \5. 1\) in 

Sy 

fl which vanishes on dfl \ {0} is identically 0. 
Remark. This proposition implies that, if q > q Q , 

Sy 

/ K q (x, y)p(x)dx = do. (5.65) 
Jn 

Otherwise 5 y would be admissible. 

Proof. We consider a local outer smooth cone with vertex at y, C 2 , such that 
n n B ro (y) \ {0} C C 2 n B ro (y) := C 2 ,ro- We denote by S* = C 2 D dB x (y) 
its opening. For e > small enough, we consider the doubly truncated cone 
^2r = r^Vo \ ^e(y)} and the solution v '.= v e to 

-A« + «« = inC| jro 

v = 00 on dB £ (y) n C 2 /_ fifi N 

v = 00 on <95 ro (y) n C 2 ^ ' } 

v = ondC 2 nB ro {y)\B e (y), 

where q > q s , := 1 + 2/a s , , and a s , is expressed by (|5.10p with S replaced 
by S*. Then v e dominates in C^ ro D fl any positive solution u of (|5.ip in fl 
which vanishes on (9f2\{0}. Letting e —* 0, t> £ converges to do which satisfies 

= in C 2 , ro 

= 00 on 9B ro n C 2 (5.67) 
= on dC 2 nB ro (y). 

Furthermore u < v in B ro Pi fl. Because g^, is the critical exponent in C 2 , 
the singularity at is removable, which implies that v(x) — * when x — * 
in C 2 . Thus u+(x) — ► when x — > in $7. Thus u+ = 0. But we can take 
any cone with vertex y containing fl locally in B r (y) for r > 0. This implies 
that for any q > q Q , any solution of (|5.ip which vanishes on <9$7 \ {0} is 

Sy 

non-positive. In the same way it is non-negative. □ 
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Definition 5.14 If y £ d£l we say that an exponent q>l is: 

(i) Admissible at y if 

\\ K (->v)\\Ll(n) < °°j 

and we set 

Qi,y = sup{g > 1 : q admissible at y}. 

(ii) Acceptable at y if there exists a solution of 15. 1\) with boundary trace 5 y , 
and we set 

Q2,y = sup{g > 1 : q acceptable at y}. 

(Hi) Super- critical at y if any solution of 15, ij) which is continuous in f2\{0} 
and vanishes on d£l \ {0} is identically zero, and we set 

q^^y = inf{g > 1 : q super- critical at y}. 

Proposition 5.15 Assume Q is a bounded Lipschitz domain and y € <9f2. 
Then 

q qI < qi, y < q2, y < qz, y < q qD ■ (5-68) 

Oy Oy 

If 1 < q < q2 t y then, for any real a there exists exactly one solution of (|5.ip 
with boundary trace 'ySy. 

Proof. It follows from Theorem 15.121 that g ; < qi tV and from Proposi- 
tion 15.131 that q% y < q Q . It is clear from the definition and Theorem 13.81 

' s y 

that qi tV < q2 <y < qz,y Thus (|5.68p holds. 

Now assume that q < qi^ y so that there exists a solution u with boundary 
trace S y . By the maximum principle u > in 17. If a € (0,1) then au is 
a subsolution of (|5.ip with boundary trace a5 y and au < u. Therefore by 
Corollary 14.41 II, the smallest solution dominating au has boundary trace 
aS y . If a > 1 then au is a super solution and the same conclusion follows 
from Corollary 14.41 1. If v a is the (unique) solution of (|5.ip with boundary 
trace a5 y then — v is the (unique) solution with boundary trace —a5 y . 

□ 

Theorem 5.16 Assume y £ dQ is such that Sy = Sy = S, let A s be the 
first eigenvalue of —A' in Wq' 2 (S) and denote 

q c>y := 1 + 2/a s (5.69) 

with a s as in (|5.10p . Then q\^ y = q2, y = q3, y = q cy and 
(i) if 1 < q < q r y then 5 y is admissible; 
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(ii) if q > q cy then the only solution of f)5 . 1 [) in SI vanishing on d£l \ {y} is 
the trivial solution. 

(iii) if q = q cy and u is a solution of (|5.ip in 0, vanishing on 80, \ {y} then 

2_ 

u = o(l)\x — y\ i- 1 as x —* y in ft. (5.70) 

Remark. We know that, in the conical case, the conclusion of statement 
(ii) holds for q = q c>y as well. Consequently, in a polyhedral domain Q, an 
isolated singularity at a point y £ dfl is removable if q > q c {y)- We do not 
know if this holds in general Lipschitz domains. 

Proof. The above assertion, except for statement (iii), is an immediate con- 
sequence of Proposition 15.151 Definition 15.101 and the remark following that 
definition. 

It remains to prove (iii). We may assume that u > 0. Otherwise we 
observe that \u\ is a subsolution of (|5.1f) and by Theorem 14. 3( ii) there exists 
a solution v dominating it. It is easy to verify that the smallest solution 
dominating |u| vanishes on dVt \ {y}. 

For any r > let u r be the extension of u by zero to D r := C s oP\B r (y). 
Thus u r is a subsolution in D r , u r S C(D r \ {y}) and u r = on (dC s o n 
B r (y)) \ {y}. The smallest solution above it, say u r is in C(D r \ {y}) and 
u r = on (dC s o H B r (y)) \ {y}. By a standard argument this implies that 
there exists a positive solution v r in D r such that v r vanishes on dD r \ {y} 
and 

u r < 2v r in D r . 

We extend this solution by zero to the entire cone C s o, obtaining a subso- 
lution w r and finally (again by Theorem 14. 3( ii)) a solution w r in C s o which 
vanishes on dC s o \ {y} and satisfies 

u r < 2w r in D r . 

Observe that q sQ [ q c>y as r | 0. If q C)V = q sQ for some r > then the 
existence of a solution w r as above is impossible. Therefore we conclude 
that q c> y < q sQ and therefore, by Theorem 15.51 there exists a solution 
in C s o such that 

2_ 

Voo, r ( x ) = \ x - v\ 9 ~ lw oo(( x - v)/\ x - v\) ^ x ^ c s?- 

This solution is the maximal solution in Cgo so that 

w r < Voo^ in D r . 
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But, since q = q sQ , it follows that uj sQ — ► as r — ► 0. This implies (|5.70p . 

□ 

The next result provides an important ingredient in the study of general 
boundary value problems in Lipschitz domains. 

Theorem 5.17 Assume that q > 1, £1 is a bounded Lipschitz domain and 
u E If y G S(u) and q < q* then, for every k > 0, the measure k5 y 

is admissible and 

u > u kSy Vk > 0. (5.71) 

Remark. If q > q*, (|5.71|) need not hold. For instance, consider the cone 
Cs with vertex at the origin, such that S C S^ -1 is a smooth domain and 
S 1 ^ -1 \ S is contained in an open half space. Then g Cj o > [N + l)/(A r — 1) 
while q CtX = (N + 1)/(N — 1) for any i / on the boundary of the cone. 
Thus q*(0) < q c ,o- Suppose that q £ (qo,q c ,o)- Let F be a closed subset 
of dCs such that £ F but is a C 2 /q ig '-thin point of F. Let u be the 
maximal solution in Cs vanishing on dCs \ F. Then G S(u) but (15.711) 
does not hold for any k > 0. 

Proof. Up to an isometry of M^, we can assume that y = and represent 
<9f2 near as the graph of a Lipschitz function. This can be done in the 
following way: we define the cylinder C' R := {x = (x',xn) : x' G B' R } where 
B' R is the (N — l)-ball with radius R. We denote, for some R > and 
< a < R, 

dnnC' R = {x= (x', r)(x')) : x' G B' R }, 

and 

S« I(T = {x = (x',rj(x') + 5) :x' G B' a }, 
and assume that, if < S < R, 

nf = {x = (x', x N ) : x' G B' R , 7](x') < x N < rj(x') + R} C fl. 

We can also assume that 77(0) = 0. Although the two harmonic measures 
in Q and dQ Pi C' R differ, it follow by Dahlberg's result that there exists a 
constant c > such that, if 5 < 5q < R/2, 

c- 1 ^(E)<^ R {E + ee N ) < cufl{E), 

5 

for any Borel set E C dQ D Cc. Therefore, if we set 

M £iff = / u(x)duj X0 ,(x), 



69 



it follows that lim e ^o M 6t(T = oo since G S(u). We can suppose that a is 
small enough so that there exists q £ {q,qy) and M > such that, for any 
p€[l,q] 



For fixed k there exists e = e(<5) > such that M £)(T = A;. There exists a 
uniform Lipschitz exhaustion {£l t } of O with the following properties: 

(i) Q t n C' R n {x = (x',xn) : a < xn < b} = E e> #, for some fixed a and 6. 

(ii) The £l e and f2 have the same Lipschitz character L. 

It follows that the Poisson kernel K n " in J7 e respectively endows the same 
properties (|5.72p as K except VL has to be replaced by ft e , p by p e := 
dist (., <9f2 e and z has to belong to dVt t n So-. Next, we consider the solution 




(5.72) 



v = v e{a) of 




(5.73) 



By the maximum principle, u > v in J7 e . Furthermore v < K r2£ [ux Ee ]■ Let 
q = (q + 9o-)/2 and w C be a Borel subset. By convexity 




Thus, by Holder's inequality 



f (k"< [u Xsc j) q p(x)dx <(f p{x)dx\ 9 9 (M M e>ff ) 





By standard a priori estimates, u e ( CT ) — > t>o (up to a subsequence) a.e. in S7, 
thus - ► ^o- By Vitali's theorem and the uniform integrability of the 
{v e (a)}, v e(a) -> v in Lp(O). Because 




as <t — > 0, it follows that u > vq, and t>o satisfies 



v + G n [v q ]=kK(.,y). 



Then = tifca , which ends the proof. 



□ 
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Corollary 5.18 Let {yj}™ =1 C <9$7 be a set of points such that 

q<M{q;.:j = l,...,n}. (5.74) 

Then, for any set of positive numbers k±, ■ ■ ■ , k n , there exists a unique solu- 
tion of (|5.ip in Q with boundary trace fi = 5Zj=i kj^vr 
If u 6 U + (Qs) and {yj}™ =1 C S{u) then u> u^. 

Proof. From Theorem I5.17| u > u^^y. for any j = 1, ...,n. Thus u > 
ttjfc} = max(uk j Sy j )i which is a subsolution with boundary trace ^2jkj5 Vj . 
But the solution with boundary trace Ylj kjfi yj is the smallest solution 
above u^y. Therefore the conclusion of the corollary holds. □ 

As a consequence one obtains 

Theorem 5.19 Let E C dVL be a closed set and assume that q < q* E . Then, 
for every /x £ such that supp/i C E there exists a (unique) solution 

u n °f (|5.ip in Q with boundary trace \i. 

If{n n } is a sequence in 9Jl(Q) such that supp/i n C E and fi n — fi weak* 
then u^ n — > locally uniformly in Q. 

If u £ U + {VL) and q < then, for every fi G 9Jt(Sl) such that supp/i C 
S(u), 

< u. (5.75) 

Proof. Without loss of generality we assume that >). Let {/i n } be a 
sequence of measures on d£l of the form 

kn 

3=1 

where y^ n e E, a j,n > and Y2j=i a j,n — II/^IIj such that ji n — ^ /i weakly*. 
Passing to a subsequence if necessary, u^ n — ► v locally uniformly in Q. In 
order to prove the first assertion it remains to show that v = Uu- 

If < r is sufficiently small, there exists q r E (q, q* E ) and M r > such 
that, for any p E [1, q r ] and every z £ d£l such that dist (z, E) < r, estimate 
(|5.72p holds. It follows that the family of functions 

{K(; z) : z£ dn, dist (z, E) < r} 

is uniformly integrable in L q p (Vt) and consequently the family 

{K[i/];i/£ ffl(dn), \\u\\ m < 1, supp^ C {z G dU : dist (z,E) < r}} 
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is uniformly integrable in Lp(Q). By a standard argument (using Vitali's 
convergence theorem) this implies that v = Un- This proves the first two 
assertions of the theorem. 

The last assertion is an immediate consequence of the above together 
with Corollary 15.181 Indeed, if E = S(u) then, by Corollary 15.181 u > u Mn . 
Therefore u > Un. 

□ 



Proposition 5.20 Let y 6 <9$7 and 1 < q < q r . Then there exists a 

Sy 

maximal solution u := U y of h5.1\) such that tr(U y ) = ({?/}, 0). It satisfies 
liminf Ix-yl^-^Uyix) >u x (a), (5.76) 

x — » y s y 

uniformly on any compact subset of Sy, where u> g/ is the unique positive 
solution of 

f -A' W - A Wi , W + M«-i W = inflj 
\ w = on flSj, 

normalized by u>(o~o) = 1 /or some /ixed o~o £ £«• 



For r > small enough, we denote by u the unique positive solution 

s y,r 



-A'u - \ N<q u) + \uj\i- 1 u = in S° r 



lo = on dSy r , 



(5.78) 



normalized in the same way. Then 

limsup |z-y| 2/(9-1) Cr y (aO ^a; - (a). (5.79) 



Finally, if Sy = Sy = S, then 



lim \x- y | 2 /(«-i) 17 (a;) = w (a) . (5.80) 



Proof. We recall that C^ r (resp. Cy r ) is a r-inner cone (resp. r-outer cone) 
at y with opening Sy r C dB\{y) (resp. S^ r C dB\{y)). This is well defined 
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for a r > small enough so that q < q I . We denote by to I the unique 

Sy ^ r Sy ^ j. 

positive solution of 

f -A'u- \ No lu + \lu\i- 1 lu = inS* 

N ' 9 v ' r (5.81) 

[ u) = on dS yr . 

We construct U y £ U + {Q), vanishing on d£l \ {y} in the following way. For 
< e < r, we denote by v := U y>e the solution of 

' -Av + \vi- 1 \v = mn\B £ (y) 
v = in dn\B t (y) 
v = oo in Q n dB e (y). 

Let v := Vj (resp. v := Vf) be the solution of 

-Av + \v^ 1 \v = inC, \B e (y) (resp. C \B e (y)) 

y i r yi r 

v = indC \B e (y) (resp. dC \B e (y)) 
v = oo inC DdB e (y) (resp. C qQ n 0.B e (y)). 

y > r y i r 

Then there exist m > depending on r, but not on e, such that 

V/(x) - m < U y , e (x) < V°(x) + m (5.82) 

for all x 6 C^ r \ {S e (y)} for the left-hand side inequality, and x 6 90 n 
B r (y) \ {B e (y)} for the right-hand side one. When e — ► 0, Vj converges 
to the explicit separable solution a? i— > |x — y) -2 /^ -1 ^ . in C T (the 

Sy ^ Sy ( r 

positive cone with vertex generated by S^ jr ). Similarly converges to the 
explicit separable solution x i— >• |x — yj -2 ^ 9-1 ^ in C . Furthermore 

Sy ^ r Sy ^ f 

e < e' Uy >e < U y>e i. If C/y = lim e ^Q{Uy )e }, there holds 

U_ y I -2/(9-1) w )- m < [r ( x ) < Ix-yl- 2 /^-!)^ ) +m . 

s «,r |x — y| s v,r \x — y\ 

(5.83) 

These inequalities imply 

liminf \x-y\ 2/iq - 1] Uy{x) > to t (a), (5.84) 



Inequality (|5.79p is obtained in a similar way. Since lim r ^o w j = w j 

Sy^f Sy 

uniformly in compact subsets of Sy we also obtain (|5.76p . If Sy = Sy = S, 
then to j = uj = u> s , thus (I5.80P holds. □ 

Sy Sy 
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Remark. Because U y is the maximal solution which vanishes on d£l\{y}, the 
function u^s = Unifc_ >DO u&£ also satisfies inequality (|5.79p . We conjecture 
that UooSy always satisfies estimate (5. 76). This is true if the outer and inner 
cone at y are the same. In fact in that case we obtain a much stronger result: 

Theorem 5.21 Assume y E 30 is such that S y = S y = S and q < q c>y . 
Then U y = . 

Proof. Without loss of generality we can assume that y = and will denote 
B r = B r (0) for r > 0. Let C/ (resp. Cy ) be a cone with vertex 0, such 
that C* n B r \{0}c!l (resp. U n B r C C°). We recall that the charac- 
teristic exponents a z and a are defined according to Definition 15.91 and 

Definition 15.101 Since 



a = lima = lima =a a < 2/(q-l), 

i> r ^0 b o,r r-*0 b o,r b 

we can choose r such that 

?<V -« s p < 2 - (9- -««p)> ( 5 - 85 ) 



O.r 



and for simplicity, we set and 



S 0,r S 0,r 



9-1 

7r 



2 + a — g i a / 

5"tep -Z. We claim that there exists c > and c* > such that, for any 
m > 

^(i) > c*m|x|" a o Vx G B cm - lr n C/. (5.86) 
Since mif(.,Q) is a super-solution for (|5.1|) . 

«m*(aO > mif(x,0) - m" / G(z, x)E: 9 (z,0)dz. 

If we assume that i£C r 'n £? r , then dist (x, 90) > d\x\ for some > since 
Cf H B r \ {0} C 0. Using Bogdan's estimate and Harnack inequality we 
derive 



K(x,0) > c r 



\x\ 2 - N 



for some fixed point xq in Q. But the Green function in Q,C\B r is dominated 
by the Green function in C® n B r , thus G(x, xq) < C2\x\ a o where d Q = 
2 — N + a D . This implies 

i^(x,0) > c 3 |x|- a o VxGC r r n5 r . (5.87) 
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Similarly (and it is a very rough estimate) 

K(x,Q) < c 4 \x\~ a i Vxefi 
Because G(x, z) < c$\x — z\ 2 ~ N , we obtain 

G(z,x)K q (z,0)dz < c 6 f \x- z\ 2 - N \z\~ a idz. 

Q, JB R 

We write 

v- z\ 2 - N \z\- qa idz 



[ \x-z\ 2 - N \z\- qa idz = f 

J Br JB. 



But 



'Br J b 2\x\ 

+ I \x- z\ 2 ~ N \z\- qa idz. 

J B R \B 2 \ X \ 

x - z\ 2 - N \z\- qa idz = \x\ 2 ~ qa i [ le - t\ 2 ~ N \t\- qa idt 

B 2 \ x \ JB 2 (0) 

where £ = x/\x\ is fixed. In the same way 

( \x- z\ 2 - N \z\- qa idz < I \z\ 2 ~ N - qa i\x\ 2 ~ qa idz 

JB R \B 2 \ X \ J B R \B 2 \ X \ 

< \x\ 2 - qa i [ \t\ 2 ~ N - qa idt 
Jb r/m \b 2 

R/\x\ 



rtt/\x\ 

< c 7 \x\ 2 - qa i J s l - qa ids. 



Thus 



,. ( cs if 1 — qa 1 > — 1 

/ \x- z\ 2 - N \z\- qa idz < I c 8 |ln|x|| ifl-ga 7 = -l (5.88 

J B R \B 2M { c 8 \x\ 2 ~ qa i if 1 - qa 1 < -1. 



Combining ([57571) and ([57881) yields to ([57861) . 
Step 2. There holds 



UooSoix) > (\x\- 2 l q -^ - r- 2 /^ 1 )) ui sl {x/\x\) Vx G C 1 ,. n B r , (5.89) 
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where u> sI is the unique positive solution of (|5,8ip . For £ > 0, let u\ &Q be 
the solution of 

-Au + u q = inC/ f . 

u = £5 on dCl. { ' 

By comparing u\ Sq with the Martin kernel in C/, 

u|<S (d) < cio£\x\~ a i Vx G Cl. (5.91) 

Because 

c 10 l\x\~ a r < c*m\x\- a o Vx s.t. Id > c n — , (5.92) 

\m / 

it follows 

u m 8 (x) > u es (x) Vx s.t. cn ( — j < \x\ < c*m 7r . (5.93) 



Notice that (I5.85|) implies 



rn 



o(m 7r ) as m —* oo. 



Since ^ (x) < |x| ^u;^ (x/|x|), it follows, by the maximum principle, 
that 

u mSo (x) > ul So (x)-r- 2 ^-Vu s t(x/\x\) 

for every x G C/ni? r such that |x| > c\\ (A)^ 1 ■ Letting successively 

m — > oo and ^ — > oo and using 

lim ^ 5o (x) = ^1-2/(^-1) (^/i^i) Vx £ C l 
we obtain (l5T89|) . 

S'tep 5. Let u G u vanishing on (9f2 \ {0}. Because 

u{x) < C N>q \x\- 2 K q -V 



and C/ D i? r \ {0} C 0, it is a classical consequence of Harnack inequality 
that, for any x and x' G C/ D £? r / 2 such that 2~ 1 |x| < |x'| < 2|x|, u satisfies 

c±2u(x') < u(x) < c\2u(x'), 
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where C\2 > depends on N, q and min 

Step 4- There exists C13 = 013(5, 0) > such that 

U (x) < c 13 Uoos(x) Vx G fi. (5.94) 

Because of (|5.79p and the fact that for r > and any compact subset 
K C S* r 

u s o (?) 
1 < 0,r . . < M Vcr G if, 

where M depends on K, there exists C14 > such that 

1 < [7 °^\ < c U Vx G S r s.t. x/\x\ G if 
Using Step 3, there also holds 

c" 1 < mini mi 1 < m3J: W*') , " 00 ^) ] < Cl5 Vx,x'G5 r/2 , 

(5.95) 

provided x/\x\ and G if and 2 -1 |x| < \x'\ < 2\x\. For < s < r/2, 

set r s = 17 n 9B S . There exists no G N* and k G (0,1/4), independent of 
s, such that for any x G T s such that x/|x| G if, there exists at most no 
points Oj (j = l,...j x ) such that Oj G T s , a\ G (90, < dist (aj, <9S1) < s, 
\a,j — aj+i| < s/2 for j = 1, ...ja; and aj x = x. Using Proposition 19.11 and the 
remark hereafter, 

c —, — r < -, — r < c— — - Vz E I s n B ao . 

Uo[ai) «oo5 ( a i) U {ai) 



Combining with f)5.95H we derive 

U (x) < cc^uoos^x) Vx G T s . 
Because cc^ itoo5 ^ s a super-solution of (|5.1|) (clearly cc"J? > 1), 

^0 < cc^ Uoo5o mQ\B s Vs G (0, r] . 
Thus (|5.94[) follows with C13 = cc"g . 

S'tep 5. End of the proof. It is based upon an idea introduced in [22]. If we 
assume Uq > Uoo<5o' ^ ne convexity of x 1— > x q implies that the function 

V = - -^—{U - UooSq) 

^Ci3 
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is a super solution such that 

aUooS <v< UooSg 

where a = < 1- Since auoo5 is a subsolution, it follows that there 

exists a solution w such that 

O-UooSa < W < V < UooS . 

But this is impossible because, for any a G (0, 1), the smallest solution 
dominating au^ is iWo- 

□ 

The next result extends a theorem of Marcus and Veron |22j. 

Theorem 5.22 Assume that £1 is a bounded Lipschitz domain such that 
S y = S y = S y for every y G d£l. Further, assume that 

Kq< Qm- 

Then for any outer regular Borel measure v on dVl there exists a unique 
solution u of \5.1\) such that tr gn (u) = v. 

Proof. We assume v ~ (u, F) in the sense of Definition 14.91 where F is a 
closed subset of d£l and v a Radon measure on 71 = dQ \ F. We denote by 
Uf the maximal solution of (|5.ip defined in Lemma 14.111 Because q < g^Q, 
for any y £ F there exists Uoos y (and actually = U y by Theorem 15. 21 p . 
Then Up > us y by Lemma 14.131 thus S(Up) = F' = F with the notation of 
Definition 14.121 By Theorem 15.191 any Radon measure is q-admissible thus 
for any compact subset E C 1Z there exist a unique solution u UXE of (|5.ip 
with boundary trace v\e- Therefore there exists a solution with boundary 
trace v and, by Theorem 14.141 hs uniqueness is reduced to showing that 
Uf is the unique solution with boundary trace (0, F). Assume uf is any 
solution with trace (0, F). By Theorem 15.171 and Theorem 15.211 there holds 

uf(x) > Uoos y (x) = U y (x) Vy G F, Vx G Q. (5.96) 

Next we prove: 

Assertion. There exists C > depending on F, f2 and q such that 

U F (x) < Cu F {x) Vx G a (5.97) 

There exists ro > and a circular cone C$ with vertex and opening 
So C <9-Bi such that for any y G dft there exists an isometry lZ y of R w such 



78 



that lZ y (Co) n B ro (y) cflU {y}- We shall denote by C\ a fixed sub-cone of 
Co with vertex and opening S\ <s So- In order to simplify the geometry, 
we shall assume that both Co and Co are radially symmetric cones. If x £ O 
is such that dist (x,dQ) < ro/2, either 

(i) there exists some y £ S and an isometry 7^ such that lZ y (Co)r\B ro (y) C 
O U {y} and (x - - y\ £ Si, 

(ii) or such a y and 1Z y does not exist. 

In the first case, it follows from Proposition 15.201 and Theorem 15.211 that 

u F (x)>c 1 \x-y\~ 2 K q - 1 \ (5.98) 

Furthermore, the constant c\ depends on r, S q and 0, but not on u F . By 
dS3]) 

U F (x) < c 2 (dist (x, an))- 2 /^- 1 ) . (5.99) 

Since in case (i), there holds dist (a;, e?Q) > C3I2; — j/| for some C3 > 1 depend- 
ing on So and Si, it follows that (15.97H holds with c = cic^^ /(%. 

In case (ii), x does not belong to any cone radially symmetric cones 
with opening Si and vertex at some y £ S. Therefore, there exists C4 < 1 
depending on Ci such that 

dist (x, dfl) < c 4 dist (x, S). (5.100) 

We denote r x := dist (x,S). If 

dist (x, dQ) < min{c 4 , lO^ 1 }^, (5.101) 

there exists £ x £ dQ, such that \x — ^ x \dist(x,dU). Then Bg rx /io(£ x ) C 
B Tx (x). We can apply Proposition 19.11 in Q n Bg rx M (^ x ). Since x £ 
Br x /biix), there holds 

i UFjz) u F {x) u F {z) (t\no (Kmo\ 

We can take in particular z such that \z — £ x \ = r x /5 and dist (z, d£l) = 
maxjdist (t, d£l) : t £ B Tx / 5 (t; x ) n £1}. Since the distance from z to S is 
comparable to dist (z,8U), there exist no S N* depending on the geometry 
of O, and n$ points {a,j} with the properties that dist (o,-, 80,) > dist (z, dQ), 
B r x /io( a j) n B r x /io( a j+i) ¥= f° r j = 1> -j n o - 1, ai = z and a no have the 
property (i) above, that is there exists some y £ S and an isometry lZ y such 
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that TZ y {Co) n B ro (y) C 12 U {y} and (a no — y)/\a m — y\ £ S±. By classical 
Harnack inequality (see Theorem 15.211 Step 3), there holds 

UFiflj) > CQUF(dj+i) and Up(a,j) > (%+].) 
for some cq > 1 depending on N, q and f2 via the cone Cq. Therefore 

U F (X) < C5C 2no ^Ko) < (5 103) 

U F (a no ) 

which implies (15.971) from case (i) applied to a no . 
Finally, if (I5.1UU|) holds, but also 

dist (x, dn) > min{c 4 , lO" 1 }^, (5.104) 

this means that dist (x,dQ) is comparable to r x . Then we can perform the 
same construction as in the case (|5.10ip holds, except that we consider balls 
-^dist (x dn)/^ a i) m orc ^ er to connect x to a point a no satisfying (i). The 
number no is always independent of up. Thus we derive again estimate 
(|5.97p provided dist(x,9f2) < r /2. In order to prove that this holds in 
whole f2, we consider some < n < ro/2 such that Q' := {x £ ft : 
dist (x, 0) > ri} is connected. The function t> solution of 

-A, + ^ = iniy 

v = ci^i? m oil ri 

is larger that f/jr in £l' ri . Since ciu^ is a super solution, w < c\Uf in 0' ri . 
This implies that (|5,97p holds in f2. 

Inequality (15.971) implies uniqueness by the same argument as in the 
proof of Theorem 15.211 Step 5. □ 



6 The Martin kernel and critical values for a cone. 
6.1 The geometric framework 

An N-dim polyhedra P is the bounded domain bordered by a finite number 
of hyperplanes. Thus characteristic elements of the boundary of P are the 
faces (subsets of an hyperplane), the vertex (intersection of N hyperplanes) 
and a wide variety of N-k dimensional edges, where k ranges from 2 to N. An 
N-k dimensional edge, i.e. an intersection of k hyperplanes, will be described 
by the characteristic angles of these hyperplanes. 
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We recall that the spherical coordinates in 1^ 
expressed by 



{x = (x\, ...xn)} are 



X\ = r sm#jv-i sin6*Ar_2... sin 62 sin6>i 
X2 = r sin6*7v_i sin^jv-2--- sin 62 cos 6\ 
X3 = r sin^jv-i sin^jv-2--- cos 62 



(6.1) 



£at_i = r sin^jv-i cos 6*jv— 2, 
, xn = r cos 0/v-i 

where 6>i G [0,2tt] and 9 t G [0,vr] for £ = 2,3, ...,7V - 1 (the Bj are the 
Euler angles). Thus the "angular" component a G S N ^ of the spherical 
coordinates (r, <r) of x G 1^ is denoted by a = (9\, 0jv-i)- 

We consider an unbounded non- degenerate k-dihedron defined as follows. 
Let k G [2, TV] n N and let A be given by 



(0,ai) x IlJdlK,^) if A; > 2 
(0,ai) if At = 2 



where 



< ai < 27r, < «j < < 7r j = 2, fe - 1. 
We denote by Sa the spherical domain 



N-l 



S A = {x£ 



t>N 



X 



= l,aeAx H[0,tt}} C S N - 1 } 

j=k 



(6.2) 



and by Da the corresponding k-dihedron, 

D A = {x= (r,a) :r>0,a £ S A }- 

The edge of Da is the (N-k)-dimensional space 

dA = {x : x\ = X2 = ... = Xfc = 0}. 



(6.3) 



6.2 Separable harmonic functions and the Martin kernel in 
a k-dihedron. 

In the system of spherical coordinates, the Laplacian takes the form 



An = o rr u H o r u H — 



2 s N ~i ' 
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where the Laplace-Beltrami operator A gJV _ 1 is expressed by induction by 

/ . Q \N-2 ® u \ 

(6.4) 



a 1 (9 ( , ■ n \N-i 9u 



and 

A sl u = d 9l e 1 u (6.5) 

If we compute the positive harmonic functions in the k-dihedron Da of the 
form 

v(x) = v(r, a) = r K u){<r) in Da, v = in ODa \ {0}. 
we find that k satisfies the algebraic equation 

k 2 + (N — 2)k - X A = (6.6) 

where A^ is the first eigenvalue of — A „_ a in W ' 2 (Sa) and u is the corre- 
sponding normalized eigenfunction: 



A sN _ 1 o; + \ A u) = in S A 

u> = on 8Sa- 



3.7) 



Thus 



(6. 



k + = i (2 - iV + V(iV - 2) 2 + 4A^ 

k_ = ^ (2 - JV - V(^-2) 2 + 4A A ) . 
Since 

S 1 *" 1 = |cr G R^" 1 x E : a = (ff 2 sin0tf-i,cos0jv-i), da G S^ 2 } , (6.9) 
we look for a> := a/ 1 } of the form 

uW(a) = (sm8 N - 1 ) K +uW(a 2 ), #at-i G (0, 7r), <t 2 G S^ 2 . 
Here S' Ar ~ 2 = S' Ar_1 n {xat = 0} and we denote 

4 W - 2 } = s A n {xtv = 0}, z^ 21 := d a n {x N = 0} c m^ 1 . 

Then (|6.8p jointly with relation (|6.4p implies 



A sJV _ 2 ^ {2} + (Aa - ^+V {2} = on Sf - 2} 

(6.10) 



^=0 on55f- 2 >. 
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Since we are interested in uj^ positive, A^ := A a — k + must be the first 
eigenvalue of -A gJV _ 2 in W 1 ' 2 (5^ V ' -2} ). 

Next we look for positive harmonic functions u in D A N 2 ^ such that 

u(xi, . . . , xn-i) = r K cj((T2), u = on dD A N 2 ^ 
The algebraic equation which gives the exponents is 

(k') 2 + {N- 3)k' - \ { A 2} = 0. 
Denote by k' + the positive root of this equation. By the definition of A^, 

k+ + (N - 3)k + - \ { A 2} = k 2 + + (N - 2)k + - \ A = 0. 
Therefore k' + = « + . Accordingly, if k > 3, we set 

^ {2} (fr 2 ) = (sin^_ 2 ) K+ ^ {3} (^3), 
an find that satisfies 

A,„_,«» + (A.4 - 2 K+ ) W W = in sf" 3 ' 



.S' V " '» /g -qN 

W W = on^f- 3} , 



where 

4 iY_3} = ^n{x J v = x 7V -i = o}. 

Performing this reduction process (N-k) times, we obtain the following re- 
sults. 

(i) If k > 2 then 

io(a) = (sin^_ 1 sin^_ 2 ...sin^,) K+ ^ fc+1} (^iV-fc+i) (6.12) 

where 

a N - k+ i G S fc_1 = S N - X n {xat =, xat_i = • • • = x fc+ i = 0}, 
and J := c t ;{ JV_A;+1 } satisfies 

A 1 a; / + (A A - (iV - fc)«+)w' = 0, in S$~ 1} 

* n «V> (fU3) 
uj = 0, on aS\ 1 , 
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1} = Sa n {x N = Xat_i = ... = X k+ i = 0} Ri A 

and A A — (AT — is the first eigenvalue of the problem. In such a case, 
it is usually impossible to determine more explicitly uj{ N ~ k+1 } and Xa — 
(N — k)n+, except for some very specific values of ay and a'j, associated to 
consecutive zeros of generalized Legendre functions, 
(ii) If k = 2 then 

to(a) = {sm6 N - 1 sm8 N ^2-sm9 2 ) fi+ uj {N - 1} (9 1 ) (6.14) 

where ctn-i 6 5" 1 ~ #i G (0, 27r), and o;^ -1 ^ satisfies 



A ^w^- 1 } + (A A - (AT - 2)/ t+ )o;i Ar - 1 } = on 5 



{1} 

.4 



(6.15) 



with dS A ^ ~ (0, a). In this case 



and 



k+ = -, u^-^ffli) = sin(7T0i/a), (6.16) 
a 

2 2 

A a -(AT-2) k+ = ^^Aa = ^ + (iV-2)-. (6.17) 

cr ar a 

Observe that \ < k + with equality holding only in the degenerate case 
a = 2tt (which we exclude). 

In either case, we find a positive harmonic function va in Da, vanishing 
on 8Da, of the form 

va(x) = \x\ K+ u>(x/ \x\) 

with u as in (I6TT2D (for A; > 2) or (|fU6j) (for k=2). 

Similarly we find a positive harmonic function in Da vanishing on 3D a \ 
{0}, singular at the origin, of the form 

K A (x) = \x\ K ~ uj(x/ |x|), k_ = 2 — N — k + . 

Because of the uniqueness of the kernel function (see A. 2) K' A (x) is, up to a 
multiplicative constant ca, the Martin kernel of the Laplacian in Da, with 
singularity at 0. The Martin kernel, with singularity at a point z £ d,A, is 
given by 

v( , (sin 9 N ^ sin 6 N „ 2 ... sin e k Y+^ N ~ k ^ (gjy-fc+i) , R1fl s 
^(x,z) = c A | r _ z |iv-2+ K+ ( 6 - 18 ) 
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for every x G Da- Prom (|6.ip 

sin^iv-i sin6*Ar_2--- sin 9^ = \x — z\~ 1 ^x 2 + x\ + ... + 

Therefore, if we write x G in the form x = (x',x"), x' = (xi, ...,Xk), 
x" = (%k+ii " " " ? %n), we obtain the formula, 

„ , s_ kr + ^ {jV ' fc+1} (^iv-fc + i) 

A A (X,Zj - C A | x _ z |(7V-2+2 K+ ) 

r , (6-19) 

\ xT+UJ {N-k + l} {aN _ k+l) 



A (|x'| 2 + \x" — z \ 2 )( n ~ 2+2k +)/ 2 ' 
Therefore, the Poisson potential of a measure p G SDT(dA) is expressed by 



M ](x) =c A |xr + ^ fc+l} (^- fe+ i 



(6-20) 



- k (\x'\ 2 + \x" - z\ 2 )( N - 2 + 2 *+)/ 2 ' 



6.3 The admissibility condition 

Consider the boundary value problem 

-Am + M 9-1 u = in Da 



u = fi£ Wl(dD A )- 



(6.21) 



Let r' = \x'\, r h 



x 



T R = {x= (x',x") :r'<R, r" < R} (6.22) 



and let pr denote the first (positive) eigenfunction in Da,r ■= Da H Tr. 

By Definition 13.71 the admissibility condition for a measure p G TI(cIa D 
r^) relative to (|6.2ip in Da,r is 

K R [\p\](x) q p R (x)dx < do. (6.23) 

where is the Martin kernel of — A in Da,r- Near ci^ this kernel behaves 
like the Martin kernel of the dihedron Da- Furthermore, the first eigenfunc- 
tion p R of — A in Wq' 2 (Da,r) behaves like the regular harmonic function va- 
Therefore 

p R (x) « (r') K+ ^ {iV - fc+1} (^_ fc+1 ) (6.24) 
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and the admissibility condition for a measure fi £ WI(cIa ) is 

/ K[\iu\](x)\ q p(x)dx < oo Vi? > 0, (6.25) 



T R nD A 

with T R as in (f6T22l) . By ([BT20]) . 



X[|/i|](x) < c 4 (rT + / jV,*" " 2)rf|A*l(^) (6-26) 

where 

j( x ) = \ x \- n+2 - 2k + Vx G 1^. (6.27) 
Therefore, using (|6.24|) . condition (|6.25p becomes 
*R 



10 J\x"\<R 

for every R > 



f / j(x',x" - z)d\fi\(z)Y(r')^ K + +k - 1 dx"dr' < oo 

\J R N-k ) 

(6.28) 



6.4 The critical values. 

Relative to the equation 

- Au + \u\ q - 1 u = (6.29) 

there exist two thresholds of criticality associated with the edge d&- 

The first is the value q* such that, for q* < q the whole edge dA is 
removable relative to this equation, but for 1 < q < q* there exist non- 
trivial solutions in Da which vanish on 8Da \ dA- The second q c < q* 
corresponds to the removability of points on dA- For q > q c points on dA 
are removable while for 1 < q < q c there exist solutions with isolated point 
singularities on dA- In the next two propositions we determine these critical 
values. 

Proposition 6.1 Assume q > 1, 1 < k < N . Then the condition 



q < 9 < ■= 1 + X A -(N- k)n + (6 ' 30) 

is necessary and sufficient for the existence of a non-trivial solution u of 
in Da which vanishes on dDA\dA- Furthermore, when this condition 



holds, there exist non-trivial positive bounded measures fi on dA such that 

K[fi]eL q p (r R nD A ). 
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Remark. The statement remains true in the case k = N, which is the case 
of the cone. In this case q c = q* = 1 + (2/ as) in the notation of Section 
5. However, in the present notation, as = — k~ and a straightforward 
computation yields: 



N + 2 + y/(N-2)* + 4\ A 

Qc = )L i^^^=^^^=- (6.31) 

N-2 + y/(N-2)* + 4\ A 

Proof. Recall that A^ — (N — k)n + is the first eigenvalue in S^~ 1 ^ (see f|6.13j) 
and the remarks following it). Let k' + , k'_ be the two roots of the equation 

X 2 + (k - 2)X - (X A - (AT - k)K+) = 0, 

i.e. 

1 



-± - g V 2 " k ± V(k ~ 2) 2 + 4(A A -(N- k) K+ ). 

Then, by Theorem 15.51 and Theorem 15.61 if 1 < q < 1 — (2/k'_) (note that 
because of a change in notation the entity denoted by as in subsection 5.1 
is the same as — k'_ in the present section) there exists a unique solution of 
(|6.29|) in the cone C s h-i i.e. the cone with opening S^" 1 C S^ 1 C M fc with 
trace a5o (where 8q denotes the Dirac measure at the vertex of the cone and 
a > 0). By Theorem 15.61 this solution satisfies 

u a {x) =a\x\~ a (j){x/\x\){l + o(l)) asx^O, (6.32) 

where (j) is the first positive eigenfunction of — A' in Wq' 2 {S A ~ l ) normalized 
so that u\ possesses trace 5q. 
The function u given by 

u a (x', x") = u a (x') W(x',x") E Da = CU_i x R N ~ k , 

is a nonzero solution of (|6.29p in Da which vanishes on 8Da \ oIa and has 
bounded trace on oIa- 

A simple calculation shows that 1 — (2/k_) equals q* as given in (|6.30p . 

Next, assume that q > q* and let u be a solution of (|6.29p in Da which 
vanishes on 3D a \ oIa- 

Given e > let v e be the solution of fl6J29]) in D^~ k ~ 1} \ {x' G M fc : 
\x'\ < e} such that 



Ve(x') 



iix'edD { A N - k - 1} 



if b'l 



e. 
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Given R > let w R be the maximal solution in {x" G M. N k : \x"\ < R}. 
Then the function u* given by 

u*(x ,x ) = v e (x ) + w R {x") 

is a supersolution of (|6.29[) in \ {(x',2;") : > e, < i?} and it 
dominates u in this domain. But w R (x") — > as i? — > oo and, by 
^(x') — > as e — > 0. Therefore u + = and, by the same token, u_ = 0. 

□ 

Proposition 6.2 Let A be defined as before. Then 

K[fj] G L q p (T R n D A ) G 27t(d A ), Vi? > (6.33) 

if and only if 

1 <» < * - ^^32- (6.34) 

T/iis statement is equivalent to the following: 

Condition (16.341) is necessary and sufficient in order that the Dirac mea- 
sure \x = bp, supported at a point P G d^, satisfy (|6.33p . 

Proof. It is sufficient to prove the result relative to the family of measures (i 
such that fi is positive, has compact support and ^((i^) = 1- Let R > 1 be 
sufficiently large so that the support of /u is contained in T R / 2 - The measure 
\jl can be approximated (in the sense of weak convergence of measures) by 
a sequence {/i n } of convex combinations of Dirac measures supported in 
dA n T R j2- For such a sequence ]K[/i ra ] — > K[fj] pointwise and {K[/i n ]} is 
uniformly bounded in Da \ r 3 ^/ 4 . Therefore it is sufficient to prove the 
result when [i = do. In this case the admissibility condition (|6.28p ) is 

R 

j{x) q {r') {q+1 ^+ +k - 1 dx"dr' < oo, 

\x"\<R 

i.e., 

I* f R \x\ q ^ N - 2K +\r')^ +1 ^+ +k - 1 (r") N - k - 1 dr"dr' < oo. 
Jo Jo 

Substituting r := r" jr' the condition becomes 

f R j R/r \l +T 2 )l (2 ' N ' 2K+ \ry^- N ^ + ^ +N - l T N - k - l drdr' < oo. 
Jo Jo 
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This holds if and only if q < («+ + N)/(k+ + N - 2). 

□ 

Remark. It is interesting to notice that k does not appear explicitly in (|6.34|) . 
Furthermore, we observe that 

1<U N] = X A k + (k + + N - 2) = X A , (6.35) 



q c - i \q c - l 

which follows from (|6.8p . This implies that there does not exist a nontrivial 
solution of the nonlinear eigenvalue problem 

2 <? aA ./. , i./.ig-l. 



I (^ ? -iV)^ + |Vr> = in 5 



(6.36) 
V> = inflSL 



which, in turn, implies that there does not exists a nontrivial solution of 
(|6.29p of the form u(x) = u(r,a) = \x\~ 2 ^ q ~ 1 ^ , ip(a), and also no solution 
of this equation in Da which vanishes on 3D a \ {0}. This is the classical 
ansatz for the removability of isolated singularities in cIa- 

7 The harmonic lifting of a Besov space B~ s > p (cIa)- 

Denote by W a ' p (Mr) (a > 0, 1 < p < oo) the Sobolev spaces over Mr. In 
order to use interpolation, it is useful to introduce the Besov space B a,p (M. e ) 
(a > 0). If a is not an integer then 

B a ' p {M £ ) = W a ' p (M e ). (7.1) 

If a is an integer the space is defined as follows. Put 

A x , y f = f(x + y) + f(x-y)-2f(x). 

Then 

B 1,p (M e ) = j/ € L p (R e ) : ^+/ /p e L p (R e x R*)J , (7.2) 



with norm 



bi.p = ii/iilp + ( / / , xR J^j'//J tfe^y) , (7-3) 
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(with standard modification if p = oo) and 

B m ' p (R e ) = {/ € W m ~ l ' p {R l ) : 

D%f G B 1,p (R e ) Va G N € , |a| = m 

with norm 



(7.4) 




i/p 



We recall that the following inclusions hold ( [30} p 155]) 

W m ' p (R e ) C £ m > p (M^) if p > 2 
S m ' p (R^) C iy m ' p (IR £ ) if 1 < p < 2. 



(7.6) 



When 1 < p < oo, the dual spaces of W s ' p and 5 m ' p are respectively denoted 
by W~ s ' p ' and 5" m ' p '. 

The following is the main result of this section. 

Theorem 7.1 Suppose that q c < q < q* and let A be defined as in subsec- 
tion 6.1. Then there exist positive constants C\,C2, depending on q, N, k, k + , 
such that for any R > 1 and any p G 971+ (d^i) with support in Br^: 



II I 

C l l|p|| B - S ,g( R N-fc) 



< / K[H]«(z)pOr)<fc; < c 2 (l + fl)^ || /u||%_„ gmJ v_ fe , , 
Jd a , r 



P \\n\\1 



where s = 2 — K+ J~ k , (3 = (q + 1)k+ + k — 1 and -D^.ij = Da H r^. If q = q c 
the estimate remains valid for measures p such that the diameter of supp p 
is sufficiently small (depending on the parameters mentioned before). 

Remark. When q > 2 the norms in the Besov space may be replaced by the 
norms in the corresponding Sobolev spaces. 

Recall the admissibility condition for a measure p G 971+ (d^): 

[p\ q {x)p{x)dx < oo VR > 



D A . 



R 
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and the equivalence (see (|6.25|) - ([6.28p ) 

K[/j] q (x)p(x)dx « J A ' R (fi) := (7.1 

D a ,r 

'* ' ( f W Vr^ +1 ) K + +fc - 1 dx ,/ dr 

V_L^_ fc ( T 2 ■ M/ _ z |2 ln (JV-2+2 K+ )/ 2 ; T 



^ 



where x = (x',x") G M^xi^^, r = |s'| and B£ = {x" G 1^* : |x"| < R}. 
We denote, 

^ = 7V-2 + 2k+. (7.9) 

If 2«L|_ is an integer, it is natural to relate (|7.8p to the Poison potential 
of /i in E" = M + x M n _i where n = N — 2 + 2k + . We clarify this statement 
below. 

Assuming that 2 < n + A; — N, denote 

y = (yx,y,y") eM n , y = (2/2, • • • ,y n +k-N), y" = (yn+k-N+i, • • • ,Vn)- 
The Poisson kernel in Wt = x M n _i is given by 

P n {y) =i n yi\y\- n yi > 0, (7.10) 

for some 7„ > 0, and the Poisson potential of a bounded Borel measure fi 
with support in 

d:={y = (0,y") G M n : y" G Miv-fc} 



is 



^nM(y) = InVl I 

J«. N - k 



My G . (7.11) 



(y? + |y| 2 + |y ,/ -^l 2 ) n/2 

In particular, for y = 0, 

K n [ l A(yx,o,y") = inyif - - Mz) _ /2 - (7.12) 

The integral in (|7.12p is precisely the same as the inner integral in (|7.8p . 
In fact, it will be shown that, if we set 

n := {v} = inf{m G N : m > v}, (7-13) 
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this approach also works when 2k + is not an integer. We note that, for n 
given by (|7.13p . 

n-N + k>2, (7.14) 
with equality only if k = 3 and k + < 1/2 or k = 2 and k + € (1/2, 1]. Indeed, 

n -N + k = k + {2k + } - 2 

and (as k + > 0) {2k + } > 1. If k = 2 then k + > 1/2 and consequently 
{2k+} > 2. These facts imply our assertion. 

We also note that k + is strictly increasing relative to A^ and 



N 
+ - 



= 1, HD A : 

<1, if D A $R", 
[>1, iiD A ^R». 



(7.15) 



Finally we observe that 7 := A^ — (N — k)n + > (see (|6.13p ) and, by ([IT 
and rtOUD : 



7 = ^+ + (k - 2)k + , 



1 + 



-(fc-2) + v / (fc-2) 2 + 4 7 

7 



(7.16) 



Therefore g* is strictly decreasing relative to 7 and consequently also relative 
to K + . 

The proof of the theorem is based on the following important result 
proved in [31, 1.14.4.] 

Proposition 7.2 Let 1 < q < 00 and s > 0. Then for any bounded Radon 
measure /i in M™" 1 t/iere holds 



B- s <'?(R n - 1 ) 



(7.17) 



In the first part of the proof we derive inequalities comparing !(//) and 
J A,R (n). Actually, it is useful to consider a slightly more general expression 
than I(fJ,), namely: 



m+j 



{vx + \v\ 2 + \y" - A 



.is/2 



e-Ky^dy, (7.18) 



where v is an arbitrary number such that v > m, j > 1 and a > 0. A point 



y e 



is written in the form y = (yi,y,y") G 



pi-i 



l . We 



assume that ^ is supported in M m . Note that, 

/(^)= 7 9/™J where m = N-k, j = n- m = n- N + k. (7.19) 
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Put 



VMM := 



dy" VtG[0,oo). (7.20) 



(r 2 + \y" - z\ 2 y/ 2 
With this notation, if j > 2 then 

C J '(M) : = f°° l F »M(\/vi + \y\ 2 K Vl y { i +1)q ~ 1 dydy 1 (7.21) 

JO JRi- 1 v 

and if j = 1 



I^V) := / i^ im M(l/i)e- w l/}' 



((7+1)9-1 



(7.22) 



Lemma 7.3 Assume that m<v,Q<cr,2<j and 1 < g < oo. TTien i/iere 
exists a positive constant c, depending on m, j, v, a, q, such that, for every 
bounded Borel measure \i with support in IR m : 

-/ F u , m [tl](T)h aJ (T)dT< I^(fl)<C F V)m \}JL]{T)h a j{T)dT, (7.23) 

c JO JO 

where F v ^ m is given by (|7.2Uj) and, for every r > 0, 

' r (<r+l)g+j-2 

h a>j (T 



(l + r )(«r+i)5 



(7.24) 



t_-(<7+1) 9 -1 



e r 



, i/j = 1. 



Proof. There is nothing to prove in the case j = 1. Therefore we assume 
that j > 2. 

We use the notation y = (yi,y,y") £ K X R J_1 x IR m . The integrand in 
(|7.2ip depends only on yi and /? := |y|. Therefore, can be written in 
the form 



j m J( u ) — c 



i-oo l-OO j 



We substitute y\ = (t 2 — p 2 ) 1 / 2 , then change the order of integration and 
finally substitute p = rr. This yields, 

-1 jm,j ( n 



/"OO /"OO 

/ / ^ fn M(r)^- 2 e-v^( r 2 -p 2 )(-+iW 2 -V ( ir ( ip 
Jo Jp 



JO 

oo />1 



JO 



j-2+(<H-l)g -rVl-r 2 



f(r)dr dr, 
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where 

ft r \ = r i-2n _ r 2N(<r+i)g/2-l_ 

We denote 

Jj(r) = f 1 e-T^f(r)dr, 
Jo 

so that 

/•OO 

/^( M ) = Cm)i / F w , m M(r)^- 2+ ( ff+1 )«4(r)dr. (7.25) 
Jo 

To complete the proof we estimate Ii. Since j > 2, f E L 1 (0, 1) and 
/a is continuous in [0, oo) and positive everywhere. Hence, for every a > 0, 
there exists a positive constant c a = c a (o) such that 

— < 4 < c a in [0,a). (7.26) 

Cq, 

Next we estimate 7^ for large r. Since j > 2, 

Ji < 2 (-+l)9/2-l _ r )(<x+l) g /2-l e -rv^ dr _ 

Substituting r = 1 — t 2 we obtain, 

/i < 2 ( CT + 1 )<?/ 2 f t^^e-^dt = c{a, q)r- {u+1 ^. (7.27) 
Jo 

On the other hand, if r > 2, 

4(r) = /'(I - i2 ) 0-3)/2 £ ( CT +i) 9 -l e -^ rft 
Jo 

= T - {<7+1 ^ f (1 - {a/rf^-Ws^+V^e-'ds (7.28) 
Jo 

> T -(-+ik 2 -(i-3) f 1 s (°+i)«-i e - s ds. 
Jo 

Combining (gjZBH with (j7^6|) - (ff^8| ) we obtain ([722]) • 

□ 

Next we derive an estimate in which integration over = R 3 + x W m is 
replaced by integration over a bounded domain, for measures supported in 
a fixed bounded subset of M m . 
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Let -Bjj(O) and -B^(O) denote the balls of radius R centered at the origin, 
in W and M m respectively. Denote 



and, if j > 2, 



dp(z) 



(r 2 + \y" - z\ 2 y/ 2 



dy" Vr G [0, oo) (7.29) 



<mM(\M + ^ )e- yi y a 1 q ' i dydy 1 . ( 7 .30) 



B^n{0<3/i} 



where (yi,y) Glxff x . 

%£(n;R) = F^Ky^e-y^- 1 dm. 

Jo 



If j = 1 we denote, 



Similarly to Lemma 17.31 we obtain, 



(7.31) 



Lemma 7.4 If j > 1, there exists a positive constant c such that, for any 
bounded Borel measure p with support in W 71 n Br 



c- 1 f R F u R m [p](r)K tJ (r)dr < IZ*(jm;R) < c f R F u R m [p](r)h^(r)dr 
Jo Jo 

(7.32) 

with h a j as in (17.241) . 

Proof. In the case j = 1 there is nothing to prove . Therefore we assume 
that j > 2. 

From (|7.30p we obtain, 

R) = cnj / / F*M( Jyf + ^)e^yf +X)q - X dy x pi-H P . 

Jo Jo 

Substituting y\ = (r 2 — p 2 ) 1 ^ 2 , then changing the order of integration and 
finally substituting p = rr we obtain, 

c- m ) 3 I™J(p-R) = [ R f F,>](r)^ +1 )«e-^ f(r)drdr. 
Jo Jo 

where 

/(r) = r''- 2 (l-r 2 )( ff+1 )«/ 2 - 1 . 
The remaining part of the proof is the same as for Lemma 17.31 

□ 
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Lemma 7.5 Let 1 < q, < a and assume that m < uq and < j — 1 < 
v. Then there exists a positive constant c, depending on j,m,q,a,i', such 
that, for every R > 1 and every bounded Borel measure [i with support in 
B R/2 (0)nR m , 



\jM](T)h ad (T)dT - I F^\{r)h^{r)dr 



(7.33) 



< cR^ a+1 -^' 1+m+j - 1 \\n\\ q m 



with h a j as in (|7.24p . 
Proof. We estimate, 



R 



Fv, m \iA(j)h a j(T)dT - I F^ m \p](T)h a>j (r)dT 



< 



\F v>m [//] | (r)K tj (r)dr + / | F v>m [fj] - F* m [//] | (t)Kj (r)dr. 

Jo 

For every r > 0, 



(7.34) 



(7.35) 



Since j — 1 < z/g, it follows that 

/>oo 

l^mMI (r)^-(r)dT < H/ill^ / T~^h^{j)dT 

JR 

r-co T {o+l)q+j-2-vq 



<c(a,q)\W 



9.1? 



< 



c(o-,q) 
vq-j + 1 



r (l + r^+D* 



dr (7.36) 
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Since, by assumption, supp// C B R / 2 , we have 

/ \F„ tm \n] - F R m [p}\ (r)/i aJ (r)dr 
Jo 




>0 J\y"\>R 
rR 



(r 2 + \y» - z\ 2 y/ 2 
<ll*r / {\r 2 + \C\ 2 )- uq/2 dQh (T , J dr 

JO J\C\>R/2 



dy"ha,j(r)dr 



l\(\>R/2 

<-R f-oo 



< c(m,q) \\p\\ q m 



JR/2 
R 



{ T 2 +p 2 )-^l 2 p m - 1 dph^dr 



(7.37) 



< c(m,q) \\p\\ 



m—i/q 



R/2t 



(l+r ] 2 )- /q / 2 V m - 1 dr ] h r7 jdT 



< 



< 



c(m,q) 
uq — m 



R 



q m R m ~ vq I T (^+ 1 )9+i-2 dT 



c(m, q) 



19 T>{a+l)q+j-l+m— uq 

( I/(? _ m )(( (T + 1 ) g + i _ 1 ) "Ha*" 



Combining (I73i1) - (l737] ) we obtain (TT331) . 
Corollary 7.6 For every R > pu£ 



□ 



J™J{H-R):=[ F u R m M(T)T^+J- 2 dT. (7.38) 

JO 



Then 



P = (a + l-v)q + j + m-l, 



(7.39) 



/or every R > 1 and every bounded Borel measure p with support in -B^y 2 (0) : = 

%(o)nr. 

Proof. This is an immediate consequence of Lemma 17.51 and Lemma 17.31 

□ 

Lemma 7.7 Let m,j be positive integers such that j > 1 and Zei 1 < q, 
< <r. PuZ n := m + j. 
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Then there exist positive constants c, c, depending on j, m, q, a, such that, 
for every R > 1 and every measure [i G SDT+(.B^ 2 (0)), 

1 ( n-l 



-rR q y a — ?~ \\n\\ q <T m ' j (u-R) 
c ,l/ i llB-°-.9(R' 1 - 1 ) LiX IIAMISDt - J n,a IMi (740) 

If a < ^p-, there exists Rq > 1 smc/i i/taf, /or a// R> Rq 

Yj^\ q B-^ { M^)< J n^(^R)- (7-41) 



If a = ^-7- i/ien, f/iere exists a > smc/i i/iat i/ie inequality remains valid 
for measures \x such that diam(supp /i) < a. 
//, in addition, < cj i/ien 

— Il/dl 9 < T m ' j (ir R) < C R^ +V>q \\ii\\ q (7 42) 

where s := a — 

Remark. Assume that /i > 0. Then: 

(i) If /i G B-^R™- 1 ) and 2z± > <r then ^(M m ) = 0. 

(ii) If fi G £> _s > 9 (M m ) and <r > (n — 1)/V then s > m/q' and therefore 
S s '«'(K m ) can be embedded in C(R m ). 

Proof. Inequality (|7.40p follows from (|7.39[) and Proposition 17.21 (see also 
M l 

For positive measures fj,, 

1 1 A* 1 1 scrr = ^(^ n 1 ) ^ 11/^11^-^,9^-1) • 

Therefore, if a < ^7^, (|7.40|) implies that there exists Ro > 1 such that 
(OTT) holds for all R> Rq. 

lf a =n=± (IT^o]) implies that 

~ IImIIb-«'.«(]R»»- 1 ) ~~ ^ HA* llgji — fnjj (/^j 
But if fj, is a positive bounded measure such that diam(supp fj) < a then 
IImIIsui/ ll/^llij-CT^^n-i) — ► as a — > 0. 
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The last inequality follows from the imbedding theorem for Besov spaces ac- 
cording to which there exists a continuous trace operator T : B a,q (R n_1 ) 
B s 'i'(M. m ) and a continuous lifting T' : B 3 ^' (R m ) B a ' q ' (M n ~ 1 ) where 



s = a -n =J n- L 

If v G N and a = s + 



□ 



J o 



^ J LM(r)r^- m ^ 1 C ir. 



o 



However, if // is positive, the expression 

M™[n-R) := [ R F* m \fi\ ( r ) T ( s +^-" 1 )9-i dr, (7.43) 
J o 

is meaningful for any real v > m and s > 0. Furthermore, as shown below, 
the results stated in Lemma 17.71 can be extended to this general case. 

Theorem 7.8 Let 1 < q, u £ M and m a positive integer. Assume that 
1 < v — m and < s < m/q' . Then there exists a positive constant c 
such that, for every bounded positive measure fi supported in IR m n B R / 2 (0), 
R>1, 

< M m ( u- B) < c r>{ s +v- m )<i+ l ||,, 119 (7 44) 



C 



T/iis ako ZioZds when s = m/q 1 , provided that the diameter o/supp/i is 
sufficiently small. 

Proof. If v is an integer and j := v — m then this statement is part of 
Lemma 17.71 Indeed the condition s > means that a = s + > and 
the condition s < m/q' means that a < ^^r-- 

Therefore we assume that v ^ N. Let n := {z/} and := n — v so that 
< # < 1. Our assumptions imply that 1 < n — m — 1 because (as v is not 
an integer) v — m > 1 and consequently n — m > 2. 

If a, 6 are positive numbers, put 

n (s+v-m)q-l 
A - = _ 

(a 2 + 6 2 )^/ 2 ' 
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Obviously A u decreases as v increases. Therefore, A n < A v < A n ^\ which 
in turn implies, 

M m < M m < M m i 

n,s — ±v± v,s — lv± n—l,s 

By Lemma [721 the assertions of the theorem are valid in the case that v = n 
or v = n — 1. Therefore the previous inequality implies that the assertions 
hold for any real v subject to the conditions imposed. 

□ 

By (USD, 

jA,R = f R F R m{T)T ( q +l) K++ k-l d ^ 

Jo 

where m = N — k and v = N — 2 + 2k + . Consequently, by (17.381) . 

jA,R = M m 

where s is determined by, 

(s + v — m)q — 1 = (q + 1)k + + k — 1, k = v — m + 2 — 2k + . 
It follows that 

sq = ~(k - 2 + 2n + )q + (q + 1)k + + k = k(l - q) + 2q - n + (q - 1) 
and therefore 

S = 2 ; . 



Proof of Theorem 7. 1 
Put 

v := N -2 + 2k+, s :=2- K+ ^ k , m := N — k. (7.45) 

Recall that in the case k = 2 we have k+ > 1/2. Therefore 

iy -m-l = k-3 + 2K + >0. (7.46) 

Furthermore, 

(s + v — m)q — 1 = {q+ 1)k+ + k — 1, k = u — m + 2 — 2k, 

Thus 

JO 
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Next we show that < s < m/q'. More precisely we prove 

< s < m/q q c <q< q* c - (7.47) 

Let \x be a bounded non-negative Borel measure in B~ s,q (W n ). If s < 0, 
B~ s ' q (W n ) C L q (M m ). Therefore, in this case, every bounded Borel measure 
on W 71 is admissible i.e. satisfies f|6.33j) . Consequently, by Proposition 16.21 
q < q c . As we assume q > q c it follows that s > 0. 

If, s > and sq' — m > then C SA >(K) = for every compact subset 
of W 71 and consequently = for any such set. Conversely, if sq' — 

m < then there exist non-trivial positive bounded measures in B~ s ' q (M. m ). 
Therefore, by Proposition 16.11 sq' < m if and only if q < q*. 

In conclusion, < s < m/q' and v — m > 1; therefore Theorem 17. II is a 
consequence of Theorem 17.81 

□ 

Remark. Note that the critical exponent for the imbedding of B <? ' q (IR Ar ~' c ) 
into C(R N ~ k ) is again 

N + k + 
N + k + — 2 

8 Supercritical equations in a polyhedral domain 

In this section q is a real number larger than 1 and P an N-dim polyhedral 
domain as described in subsection 6.1. Denote by {L^j : k = 1, . . . , N, j = 
1, . . . ,rifc} the family of faces, edges and vertices of P. In this notation, 
Lij denotes one of the open faces of P; for k = 2, . . . , N — 1, L^j denotes 
a relatively open N — /c-dimensonal edge and L^j denotes a vertex. For 
1 < k < N, the (N — k) dimensional space which contains Lj-j is denoted 
by R^~ k . If 1 < k < N, the cylinder of radius r around the axis R^~ k will 
be denoted by r^- r and the subset A^j of is defined by 

lim-(dr^, DP) =L kd x A kJ . 
r— >o r 

Akj is the 'opening' of P at the edge Lf-j, For k = N we replace in this 
definition the cylinder T^j r by the ball P r (Ljv,j)- For 1 < k < N and 
A = Ak j we use as an alternative notation for IR^ - ^ and denote by Da 
the k-dihedron with edge dA and opening A as in subsection 6.1 (with 5,4 
defined as in (|6.2p ). For k = 1, Z?a stands for the half space R^ -1 x (0, oo). 



101 



In what follows we denote by the set of bounded measures ^ on the 
boundary of a Lipschitz domain f2 such that the boundary value problem 

-Au + u q = in tt, u = fi ondtt (8.1) 

possesses a solution. A measure [i in this space is called a q-good measure. 

The following statements can be proved in the same way as in the case 
of smooth domains. For the proof in that case see |23j . 

I. 97Tg is a linear space and 

H e Tl^ <^=> |/i| G 

II. If is an increasing sequence of measures in 50?^ and \x := lim /j n is 
a finite measure then fi G SOt^ . 

Proposition 8.1 Zei [i be a bounded measure on dP. (fi may be a signed 
measure.) Fori = 1,...,N, j = l,...,rij, we define the measure fikj on 
d Ak}j by, 

Vk,j = on L k j, fi k j = on dA ktJ \ L kjj . 
Then fi G VJtg , i.e., problem 

- Au + u q = in P, u = /jl ondP (8.2) 

possesses a solution, if and only if, [a^j is a q-good measure relative to P>A k ■ 
for all (k,j) as above. 

Proof. In view of statement I above, it is sufficient to prove the proposition 
in the case that \x is non-negative. This is assumed hereafter. If fi G 9Jt^ 
then any measure v on dP such that < u < /U is a q-good measure relative 
to P. Therefore 

H G Wig => n' k j := /J,XL k j G Wlq. 

Assume that \x G Wl^ and let Ukj be the solution of (|8.2p when \x is replaced 
by ■. Denote by u' k ■ the extension of u k j by zero to the k-dihedron P>A k 3 ■ 
Then u' k ■ is a subsolution of (|5.ip in -t>A fe with boundary data /i^j. In the 
present case there always exists a supersolution, e.g. the maximal solution 
of (|5.ip in P>A k vanishing outside dA k \ ^fcj- Therefore there exists a 
solution Vkj of this equation in P>A kj with boundary data fikjj i.e., /i^j is 
q-good relative to P>A k ■ ■ 

Next assume that fi G 5DT(<9-P) and that fi^j is q-good relative to DA k ■ 
for every (k,j) as above. Let u^j be the solution of (|5,ll) in P>A ki with 
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boundary data fJ-k,j- Then Vkj is a supersolution of problem (|8.2p with \i 
replaced by fjf k ■ and consequently there exists a solution u^j of this problem. 
It follows that 

w := max{« fc j : k = 1, . . . , N, j = 1, . . . , n k } 
is a subsolution while 

w := u k,j 

k=l,...,N, j=l,...,n k 



is a supersolution of (|8.2|) . Consequently there exists a solution of this 

□ 



problem, i.e., \i G SPt^ 



8.1 Removable singular sets and 'good measures', I 

Proposition 8.2 Let A be a Lipschitz domain on S k ~ 1 , 2 < k < N — 1, 
and let Da be the k-dihedron with opening A. Let \i G WI(ODa) be a positive 
measure with compact support contained in dA (= the edge of Da)- Assume 
that // is q-good relative to Da- Let R > 1 be large enough so that supp/i C 
B^~ k (0) and let u be the solution of (|5.ip in D^ with trace fx on d^ and 
trace zero on dD^\d^. Then: 

(i) For every non-negative r] £ Cq°(B^~^(0)), 



r] q 'dA < cM q ' [ u q pd. 

J J»l 

+ C M qi n^rfpdxY (i+m- 1 w^^) . 



x+ 

(8.3) 



where M = \\rj\\ Lao and p is the first eigenf unction of —A in D^ normalized 
by p(xq) = 1 at some point xq G D^- The constant c depends only on 
N,q,k,Xo,X\,R where Ai is the first eigenvalue. 
(ii) For any compact set E C dA> 

C^- k {E) = p{E) = 0, s = 2-^±±^, (8.4) 
where C^~ k denotes the Bessel capacity with the indicated indices in M. N ~ k . 
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Remark. If we replace D% by D R ' R = D A n S|(0) n B^~ k (0), R>1, then 
the constant c in (i) depends on i? but no£ on R. 

Proof. We identify oIa with M Ar ~ fc and use the notation 

x = (x',x") £R k xR N - k , y = \x'\. 

Let i] £ C^{R N ~ k ) and let R be large enough so that suppr/ C B%Z k (Q). 
Let u; = w R (t, x") be the solution of the following problem in R + x i^ -fc (0): 

dtw — A x r>w = 
u>(0, x ) = ry(x ) 
w(t, x ) = 

Thus wji(t, •) = <Sj2(t) [77] where <Si?(t) is the semi-group operator correspond- 
ing to the above problem. Denote, 

H R [rj\(x ,x") = w R (\x\ 2 ,x") = S R (y 2 )[rj\(x"), y:=\x'\. (8.6) 

We assume, as we may, that R > 1. Let p R be the first eigenfunction of 
— A x n in the ball B^~ k (0) normalized by p R (0) = 1 and let pa be the first 
eigenfunction of — A x / in Ca (where Ca denotes the cone with opening A 
in R k ) normalized so that pa{x' ) = 1 at some point x' Q £ Sa- Then p R pA 
is the first eigenfunction of —A in { x € Da ■ \x"\ < R}. Note that p R < 1 
and /9 R — > 1 as i? — > 00 in C 2 (I) for any bounded set / C R-' v_fc . 

Let £ C°°(M) be a monotone decreasing function such that h(t) = 1 
for t < 1/2 and 7t(t) = for i > 3/4. Put 

^(x') = h(\x'\/R) 

and 

Cb:=mV^W 9 '- (8.7) 

If p\ is the first eigenfunction (normalized at xq) of := Da n r# (ITr as 
in (522])) then 

PAV'i? < cp\ (8.8) 

and p R p R is the first eigenfunction in Z>?. 

Hereafter we shall drop the index i? in H R , w R but keep it in the 
other notations in order to avoid confusion. 



in R + x B^~ k (0), 

in B N R ~ k , (8.5) 

on dB^~ k (0). 
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.9) 



We shall verify that £ 6 D^. To this purpose we compute, 

AC = - Ai(p A ^)#M 9 ' + {pa^r)^H[ v Y + 2V(p A ^ R ) • VH[ 
= - AiC + gW/?)(# M^'^Atf M 

+ 2g , ( J H'[r / ]/- 1 V(p yl ^)-V J ff[7 ? ]. 
In addition, 

VH[rj\ = V x ,H[ri] + V^iTfa] = d y H [ v ]- + V x nH[rj\ 

t y 

= 2yd t w(y 2 ,x")- + V x „H[r,](x',x") 

and consequently (recall that y stands for 
VH[ V ] ■ V{ Pa ^r) 

= 2d t w(y 2 ,x")x' ■ (y R {\x'\ K +-\K + -u k {x' /y) + \x'\Vu; k (x' /y))) + p A V^ R ) 
= 2K + d t w(y 2 ,x")\x'\ K +u Jk (x'/y) = 2d t w(y 2 ,x"){ K+ p A ^ R + p A x' ■ V^ R ). 

Since w = w R vanishes for \x"\ = R and r\ = in a neighborhood of 
this sphere, \d t w(y 2 , x")\ < cp R . As ip R vanishes for \x'\ > 3R/A we have 
PA^ipR < cp R . Therefore 

\VH[ V ] ■ V PA \ < cp R p R A 

and, in view of (18,91) . 



|AC| <cp R p%. (8.10) 
Thus £ G AC (Z>^) and consequently 

/ (-uA( + u q ()dx = - [ K[p]A(dx. (8.11) 
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D R A 



Since q(q' - l)p A (H[i 1 })< 1 '- 2 |V 'H[q}\ 2 > 0, we have 
uAd^dx 

< [ u(x 1 C + ^(H[r,]/- 1 (p\AH[Tj\\+2\Vp.VH[ri]\))dx 

< f u^C + q'C 1 ^ (p 1/q '\^H[7 ] ]\+2p~ 1 / ll \Vp.VH[r ] }\^dx ^ 

A 

where 

L[rf\ = P l M\AH[rj\\ + 2p- 1 l q \V p.V H[r,}\. (8.13) 



By Proposition! 

- / K[p]A(dx= [ vp' dp. (8.14) 
Jd* Jd* 



Therefore 



rf dp < / u q C,dx+ 

J J» R A 

+ ^uV^V f Ax yJ DR (d x y +q'\\L[r,}\\ Lql{Di) 



(8.15) 



Next we prove that 

Lq \ D R) <C\\r]\\ ws , q/{RN _ k) (8.16) 
starting with the estimate of the first term on the right hand side of (|8. 13|) . 



AH[rj] = A x >H[rj\ + A x nH[rf\ = d 2 H[7]} + ^-^d y H [r,] + A x „H[rj\ 
= 2y 2 d u w(y 2 ,x") + kd t w(y 2 , x") + A x nH[rj\ 



2y i ft i u;(y 2 , x") + (k + l)d t w(y 2 , x"). 
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Then 



p\AH[r]]\ q ' dx < c 




'0 JR N ~ k 
-1 




\d tt w(y 2 ,x")\ q ' dx"y K + +2 * +k - 1 dy 
\d t w{y 2 ,x")\ q ' dx"y K + +k ~ l dy 



< c 



+ c 



< c 



JR N ' k 

f 1 [ \d tt w(t,x")\ q ' ' dx"t^+ k )l 2 +"'- 

JR N ~ k t 

f [ \d tW (t,x")\ q ' dx"t( K ++ k y 2 - 

o Jm N - k t 



t 2- { i^))d 2 S{t)[r 1 ] 



dt 2 

a _ (1 _-g*)dS(t)[i7] 



(ft 



dt 

Li'(R N - k ) * 



Put /3 = an d n °t e that < /5 = ^(2— s) < 1. By standard interpolation 
theory, 



eft 



L9 ' (RJV-fc) 



T 



and 



a-a-0)) d 2 S{t)[rj\ 

dt 2 



Li'(R N - k ) 



dt 

T 



The second term on the right hand side of (|8.13|) is estimated in a similar 
way: 

\d t w{y 2 ,x")\ q ' dx'y K++k - x dy 



p-i'/i\X7H[r]]-Vp\ q ' dx<c 
■i 




< c 

< c 




JR N ~ k 

+ k dt 



JR N ~ k 
1 



\d t w(t,x")\* dxt~^- — 



o 



dt 



Li' (RN-k) 



dt 

k\ t 



l H /2(l-/3), 9 '( R JV-fc) 
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This proves ([gOBjl . Further, ([8^5]) and ([8l6]) imply (|575|> . 

We turn to the proof of part (ii). Let E be a closed subset of B^J k (fi) 

such that C^J k (E) = 0. Then there exists a sequence {r] n } in Cq^^a) such 
that < rj n < 1, r/ n = 1 in a neighborhood of -E (which may depend on n), 
suppr? n C 5^/4(0) and ||r/ n || Ws , 9 / -> 0. Then, by (|8.16p, 

II^MI| L ?'(£»«) -> 0. 

Furthermore 

» w hi'((o, R )xB%- k (o)) - c W 7]n h"'(B^- k (.o)) 

and consequently 

H[ Vn ] -0 in L q ' (D R )- 
(Here we use the fact that k > 2.) In addition 

0<f%,]<l, tf[r/ n ] <c(JJ-|a/|) 

with a constant c independent of n. Hence (see (I8.8|) ) 

Cn,R ■= Pa^rHW' < P R PA ^ R H[i ln Y- 1 < p R p^H[r ln ]i'-\ 

As u q p R p R G L 1 (D R ) we obtain, 

lim / u q Q n dx = 0. 



n^oo 



This fact and (|8.15|) imply that 

' dp -» 0. 

As ry n = 1 on a neighborhood of -E 1 in IR^ - ^ it follows that p(E) = 0. 



□ 



Proposition 8.3 ie£ Da be a k-dihedron, 1 < k < N. Let k + be as in (|6.8p 

and let q* and q c be as in Proposition \6.1\ and Proposition \6.2\ respectively. 
Assume that q c < q < q*. A measure p £ f}Jl(dDA), with compact support 
contained in d^, is q-good relative to Da if and only if [i vanishes on every 
Borel set E C dx such that C s ^i(E) = 0, where s = 2 — k+ £ + . 
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Remark. We shall use the notation /i -< C s>q i to say that [i vanishes on any 
Borel set E C (d A ) such that C s>q r(E) = 0. 

In the case k = N: Da = Ca (= the cone with vertex and opening 
A in R k ) and q c = g*. By Theorem [531 Qc = 1 - £ = jy+t+-2 - ( Note 
the difference in notation; the entity denoted by ac_ in section 6 and in the 
present section is denoted by —as in subsection 5.1. See (|5.10p and (|6.8|) .) 
If 1 < q < q c then, again by Theorem 15. 5\ there exist solutions for every 
measure \i = k5o on &Ca- 

In the case k = 1, q* = oo, k+ = 1 and q c = jj-Ej- Thus s = 2/q and the 
statement of the theorem is well known (see |24|). 

Proof. In view of the last remark, it remains to deal only with 2 < k < N—l. 
We shall identify d A with R N ~ k . 

It is sufficient to prove the result for positive measures because \i < C S) gi 
if and only if \fi\ -< C s>q i. In addition, if |yu| is a q-good measure then fi is a 
q-good measure. 

First we show that if fi is non-negative and q-good then fx -< C Sj q'. If -E is 
a Borel subset of <9$7 then liXe is q-good. If E is compact and C s ^i{E) = 
then, by Proposition 18.21 E is a removable set. This means that the only 
solution of (|8.ip such that fi(d£l \ E) = is the zero solution. This implies 
that fixs = 0, i.e., fx(E) = 0. If C s>q '(E) = but E is not compact then 
fi(E') = for every compact set E 1 C E. Therefore, we conclude again that 
H{E) = 0. 

Next, assume that fi is a positive measure in 9JI(<9L>a) supported in a 
compact subset of ~R N ~ k . 

If /i <E J B- s ' (? (M iV ~ fe ) then, by Theorem O and TheoremESl ^ is q-good 
relative to Da H T^.^, for every 72 > 0. (As before 1^ R is the cylinder with 
radius R around the 'axis' IR^ - ^.) This implies that fi is q-good relative to 
D A . 

If fj, -< Cs,q' then, by a theorem of Feyel and de la Pradelle [12] (see also 
[1]), there exists a sequence {fj- n } C (B~ s,q (R N ~ k )) + such that fj, n f yu. As 
^fc is q-good, it follows that \i is q-good. 

□ 

Theorem 8.4 Let P be an N -dimensional polyhedron as described in Propo- 
sition [Kl\ Let fi be a bounded measure on dP, [may be a signed measure). 
Let k = 1, . . . , N, j = 1, . . . , n/u ; and let L^j and A^j be defined as at the 
beginning of section 8. Further, put 

s(k,j) = 2- k + {K ; )k >\ (8.17) 
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where is defined as in ()6.8[) with A = A^j. Then \i 6 VJlq , i.e., fx 

is a good measure for ()5,ip relative to P, if and only if, for every pair (k,j) 
as above and every Borel set E C Lkj: 
Ifl<k<N then 



(q c ) k ,j < q < (q* c )k,j, C^ q ,(E) = M (£) = 

q > {q*)k,j =>• K L N,j) = o 

and if k = N , i.e., L is a vertex, 



i.18) 



> = iV + 2 + V (Ar - 2)2 + 4 ^ =► = 0. (8.19) 



Here (q*)k,j and (q c )k,j are defined as in (|6.30p and (|6.34p respectively, with 
If I < q < (q c )k,j then there is no restriction on HXl u ■■ 



Proof. This is an immediate consequence of Proposition 18.11 and Proposi- 
tion [8?3] (see also the Remark following it). In the case k = N, Ljy j is a 
vertex and the condition says merely that for q > q c (L^j, fi does not charge 
the vertex. 

□ 



8.2 Removable singular sets II. 

Proposition 8.5 Let A be a Lipschitz domain on S k ~ l , 2 < k < N — 1, 
and let Da be the k-dihedron with opening A. Let u be a positive solution of 
dSH in D% for some R > 0. Suppose that F = S(u) C d\ and let Q be an 
open neighborhood of F such that Q C d^- (Recall that d^ = dj± D B^~ k (0) 
is an open subset of d^.) Let /j, be the trace of u on TZ(u). 
Let r] € WQ ,q '(d^) such that 

< r] < 1, n = onQ. (8.20) 

Employing the notation in the proof of Proposition \8.S\ put 

C:= P a^rHrW '. (8.21) 

Then 




u%dx < c(l + \\r]\\ w s, q > {d J q ' + M(4 \ QY, (8-22) 



c independent of u andij. 
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Proof. First we prove (|8.22p for rj 6 C^°(d A i ). Let gq be a point in A and let 
{^4 n } be a Lipschitz exhaustion of A If < e < dist (OA, dA n ) = e n then 



ecr + Ca„ C Ca- 

Denote 

Pick a sequence {e n } decreasing to zero such that < e n < min(e n /2 n , R/8). 
Let u n be the function given by 



Rn,R 



u n (x'x") = u{x + e n o~o,x") Vx G -D^™ 



Then u n is a solution of (|5,ip in D Rn ' R belonging to C 2 (-D^" n,R ) and we 



denote its boundary trace by h n . Let 

Cn := PA n ^RHR[rf\ q ' , 

with t/^r and as in the proof of Proposition 18.21 By Proposition 12.41 



/ 



>[h n ]A( n dx 



<- fe (o) 



rf h n dw r . 



.23) 



where oj n is the harmonic measure on d R n relative to D^ n,R . (Note that 
d% = df and we may identify it with B%~ k (0).) Hence 



D 



Rn>R 
A„ 



-U n A( n + U q n Cn) dx 



<- fe (o) 



rf h n duj n . 



5.24) 



Further, 



<" fe (o) 



ry 9 fr n c?a; ri 



^dfi<^\Q), 



B£ _ *(0) 



because 77 = in Q. By (|8.12p . (|8.16p we obtain, 



D 



Rn ;R 
An 



u n A( n dx 



< 



6^ 



f,4 



5.25) 



R„ R^ ndX ) q + II^HW(Bf-*(0)) 



From the definition of Cn it follows that 



Pn dx 



D< 



f)R 

A 



pdx, 
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where p (resp. p n ) is the first eigenfunction of —A in (resp. D^ 1 ' ) 
normalized by 1 at some xq £ D^' R . Therefore, by (|8.24[> . 



/ R n ,R U nCndx < c( / KCndx^j 9 (l + N|| Ws , 3 ' (B £-* (0 )) ) + \ Q)- 

J D 4 n ' J D A n ' 

This implies 

y ^ <Cn^ < c(l + H\ W s, q ' {B N- km ) q> + \ Q) 9 - (8-26) 
To verify this fact, put 

m = ( f ulCndx) 1 , b = \ Q), a = c(l + || 77 1 1 „,„.„/ /D N-h, 



j-)R n ,R 



so that (|8.26p becomes 

m q — am — b < 0. 

If b < m then 

m q - 1 - a - 1 < 0. 

Therefore, 

m < (a + l)^ 1 + b 

which implies (|8.26|) . Finally, by the lemma of Fatou we obtain (|8.22|) for 
r\ £ Cq°. By continuity we obtain the inequality for any 77 S Wq' 9 satisfying 

□ 

Theorem 8.6 Le£ A be a Lipschitz domain on S k ~ 1 , 2 < k < N — 1, and 
let Da be the k-dihedron with opening A. Let E be a compact subset of d^ 
and let u be a non-negative solution of (|5.ip in (for some R > 0) such 
that u vanishes on dD^ \ E. Then 

C^ q - k (E)=0, s = 2-^±±^^u = 0, (8.27) 

where C s ? 7 denotes the Bessel capacity with the indicated indices in M N ~ k . 
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Proof. By Proposition 18.21 (|8.27p holds under the additional assumption 

u q p R p\dx < oo. (8.28) 



Jd* 



Indeed, by Proposition 14.11 (|8.28p implies that the solution u possesses a 
boundary trace [i on dD^. By assumption, ^(dD^ \ E) = 0. Therefore, by 
Proposition E31 the fact that C^ k (E) = implies that p(E) = 0. Thus 
H = and hence u = 0. 



We show that, under the conditions of the theorem, if C s , (E) = 
then ([OBI) holds. 

By Proposition 18.51 for every r\ £ W^ q (d^) such that < 7] < 1 and 
r/ = in a neighborhood of E, 

u%dx < c(l + \\r]\\ ws , q > iB N- km ) q \ (8.29) 

for £ as in (|8.2ip . (Here we use the assumption that u = on dD^ \ E.) 
Let a > be sufficiently small so that E 1 C B^Z^r^)- Pick a sequence 
in Co°(M. N ~ k ) such that, for each n, there exists a neighborhood Q n 
of £?, Q n C B^Z k a)R (0) and 

< 4> n < 1 everywhere, 4> n = 1 in Q n , 

<^n := <^nX[|x"|<(i-2a)H] 6 C£°(IR iV ~ fe ), 

r?n:= (l-^Ln^eCo 00 ^), 
7] n = in [(1 - a)i? < |s"| < R]. 

Such a sequence exists because C^ k (E) = 0. Applying $8M) to r/n we 
obtain, 

sup / u q ( n dx < c < oo, (8.31) 

where Q n = pAipRH R [r] n ] (see ()8.2ip ). By taking a subsequence we may 
assume that {r] n } converges (say to r/) in L q ' (B R ~ k (0)) and consequently 
H [rj n ] — > H[rf\ in the sense that 



HR[r] n ](x', •) = Wn iR (y , •) -> w fl (y , •) = H R [rj](x', •) in L q 
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uniformly with respect to y = \x'\. It follows that 

( u q (dx <oo, ( = p A ^ R H q R [ V \. (8.32) 

A 

As 4> n -» in W s ' q '{R N " k ) it follows that <j) n -> and hence r/„ -> 1 a.e. 
in B^ a)R (0). Thus 77 = 1 in this ball, n = in [(1 - a)i? < |z"| < ft] and 
< 77 < 1 everywhere. 

Consequently, given 5 > 0, there exists an TV-dimensional neighborhood 
O of d A n -B { ^l2a)i?(°) such that 

1-5 < H R [r]} < 1 and 1-5 < rp R / 1 p\ < 1 in O. 

Therefore ()8.32p implies that 

u q p R p\dx <c< 00. (8.33) 



Recall that the trace of u on dD R \ d^ ia ^ R is zero. Therefore u is bounded 
in D R \ D { ^ 3a)R . This fact and (|833l) imply ([OH]) . 

□ 

Definition 8.7 Let Q, be a bounded Lipschitz domain. Denote by p the first 
eigenfunction of —A in £1 normalized by p{xq) = 1 for a fixed point xq £ Q. 
For every compact set K C d£l we define 

M Pj q(K) = {/*£ Wl(dU) : p > 0, p{dn \ K) = 0, K[p] e L p (fl)} 

and 

C m ,(K) = ^{p{K) q : peM p jK), [ K[p] q pdx = l}. 

Jn 

Finally we denote by C p ^ the outer measure generated by the above 
functional. 

The following statement is verified by standard arguments: 

Lemma 8.8 For every compact K C dQ, C pA >(K) = C pA i{K). Thus C pA > 
is a capacity and, 

C M ,(K) = ^ M M (K) = {0}. (8.34) 
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Theorem 8.9 Let £1 be a bounded polyhedron in M . A compact set K C 
dVt is removable if and only if 

C B(hd) j(KnL kJ ) = 0, (8.35) 

for k = 1, •, N j = 1, • • • , rtfc, where s(k,j) is defined as in (|8.17|) , This 
condition is equivalent to 

C M ,(K)=0. (8.36) 

A measure \x G 971(50) is q-good if and only if it does not charge sets with 
C P: q> -capacity zero. 

Proof. The first assertion is an immediate consequence of Proposition 18.11 
and Theorem 18.61 The second assertion follows from the fact that 

C p , q '(K n L k j) = C s ( k j^ q <(K n L kj j). 

The third assertion follows from Theorem 18.41 and the previous statement. 

□ 



9 Appendix— Boundary Harnack inequality 

In this section we prove the following 

Proposition 9.1 Assume Q is a bounded Lipschitz domain, A C d£l is 
relatively open and q > 1. Let (ro,Ao) be the Lipschitz characteristic of Vt 
(see subsection 2.1). 

Let Ui S C(f2U A), i = 1,2, be positive solutions of 

-Au + u q = in Q, 

such that Ui = on A. Put S = dtt \ A and d(x, S) = dist (x, S). Let y 6 A 
and let 

r := min(r /8, -d(y,S) 

so that 

d{B 4r ( y ) nn) = (B 4r (y) n dQ) U (dB 4r (y) n Q). 

Then 

tU-i(z') Uo(z') Ut(z') , „ , . „ . 

c- 1 ^-^ < ^Vt ^ c ^Vt Vz ' z g B r ( y )nn, (9.1) 

ui(z) u 2 {z) ui(z) 

where the constant c > depends only on N, q and the Lipschitz character- 
istic of $7. 
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Proof. Without loss of generality we assume that y = 0. 
Let b = d(0, S) and put 

2 

Ui(x) = b i-iui(x/b), i = l,2. 

Then Ui has the same properties as Ui when Q is replaced by Q b = rfi, S 
by S b = IS and r by 5 = r/b. Of course d{0, S b ) = 1 so that 

6 = min(r /(86),l/4). 

The functions ui satisfy the equation 

-A«i + n? = in B 45 (0)nQ b 

and Ui = on 545(0) n dQ b . Therefore, by the Keller-Osserman estimate, 

Ui < c(N, q)5- 2/(g - 1) in B 3S (0) n 

If a(x) = then u\ satisfies 

-Au 1 + a(x)ui = Q in (-O)nBi(O), 



and a(-) is bounded in ^3,5(0). 
Let w be the solution of 

-Aw + a(x)w = in B 35 (0)nO 6 

io = on B 3S (0) n ^dft 

w = u 2 on dB 3S (0)ndn b . 

By applying the boundary Harnack principle in B 3 s(0)^Q b (using the slightly 
more general form derived in j2j Theorem 2.1]) we obtain 

c -r-7-Y < — 7-t- < c-— r- VC, C 6 -B 25 (0) n il , (9.2 

«i(C) w (0 MO 

where the constant c depends only on the Lipschitz characteristic of Q b 
(which is (ro/6, Xob) and therefore 'better' then that of f2 when b < 1). 
Since w < U2 the above inequality implies, 

"(CO < C M0 and c -ifii(Q < MO 
M0~ MO MO ~ HO 
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which in turn implies 



w(0 - MO 

and therefore 



ui(C')< c2 Mg vcCeB^ojnn*. 



«i(C) " MO 

Switching the roles of u\ and 112 we obtain, 



MO^^MQ v C ,c' eJ B 2 ,(0)n^. 



«2(C) ~ ' «l(C) 

This completes the proof. 



□ 
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